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Abstract 
Over the last 20 to 30 years, the field of structural fire design has shifted 
from relying on single element fire resistance testing to the consideration of 
the effects of full-frame behaviour. The change has been driven by the desire 
to build more advanced structures and reduce costs. It has been facilitated in 
part due to structural testing, and in part due to development of complex 
modelling techniques. This thesis considers the modelling of concrete 
structures, and presents new techniques and methodologies for analysing the 
performance of structures in fire. 
 
The first part of this work traces modelling techniques from fundamental 
constitutive behaviour through to sectional capacity calculation. Load 
induced thermal strain and constitutive modelling approaches are 
investigated and their impact on structural behaviour is considered. A new, 
general, technique for conducting sectional analysis on concrete elements is 
also created. The method relies on analysis of the sectional tangent stiffness 
to efficiently calculate the biaxial bending capacity of a concrete section 
subject to any heating regime. This approach is more accurate and 
conservative than current methods and has the potential to be used as a 
design tool. 
 
This work develops a series of new approaches for the design of large 
structures subject to fire. A rational and quantifiable methodology is 
developed for assessing the performance of a structure when subject to fire; 




modelling techniques and measures of structural performance. It allows a 
more precise approach to be taken to the definition of failure; and can be 
easily used to compare the structure’s response to different design fires. 
 
Finally, a new technique for the definition of design fires founded on 
fundamental fire dynamics is presented. The approach challenges the 
assumptions typically made when applying temperature-time curves and is 
based around the observed phenomenon of travelling fires. A concrete framed 
structure is subject to a number of travelling fires and the response is 
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1.1. BACKGROUND TO THE PROJECT 
The 1990s and the early 2000s, saw significant advances in the field of 
structural fire engineering. A series of full-scale fire tests and the subsequent 
modelling work revolutionized understanding of how structures perform when 
subject to fire. New techniques were created that allow engineers to design 
more efficient structures, exploit redundancy, and to understand the 
consequences of fire. Many of the most startling advances were made in 
relation to steel structures and composite slabs. 
 
Our increasingly advanced understanding of structural behaviour in fire, 
coupled with the introduction of more flexible design standards has allowed 




engineers to design structures based on performance objectives rather than by 
following prescribed rules. This approach is known as performance-based 
design and encompasses many different levels of complexity: from simple 
hand calculations, through to full structural modelling. As designs have 
become more efficient, techniques more advanced, and our technical 
awareness increased, it has become increasingly apparent that there remain 
serious limitations and blind-spots in our collective knowledge. 
 
Although concrete’s behaviour in fire has often been a topic for study, many 
of the recent developments have been made in relation to steel construction. 
Much of the research into structural behaviour in fire has also focused on the 
heating phase of a fire – that is, when the fire is growing. It is clear though, 
that building fires will always exhaust their supply of fuel, or be extinguished 
through intervention. The building’s residual state, after a fire has occurred, 
is rarely considered.  
 
As with any young discipline, there are a large number of gaps in our 
knowledge of structural fire safety. Research by institutions all over the world 
is gradually advancing our level of understanding, filling these gaps and 
building upon previous work. Continual refinement of existing techniques is 
symptomatic of a mature discipline with no major gaps in knowledge 
identified; structural fire engineering can still be considered relatively young. 
So, while some areas have been studied with very fine detail, there are other 
areas that have advanced very little or show wide internal discrepancies in 
understanding.  




This work addresses a number of inconsistencies, and fills various gaps in our 
comprehension. The thesis is wide ranging, and approaches its subject from a 
number of different angles. Throughout though, the theme is to create a 
degree of consistency within the approaches used: where detailed attention is 
paid to material properties, the key behaviours of importance are identified 
and analysed; where highly complex finite-element element techniques are 
used, the methods of assessment are enhanced to provide a more consistent 
level of detail.  
 
A significant area which this work does not address is spalling. Spalling is the 
sometimes explosive loss of concrete that can occur as a structural element is 
heated. The phenomenon is complex and though predictive models are under 
development by a number of researchers, an “engineering”  approach is often 
taken for practical purposes. A predictive model is outwith the scope of this 
project, and it is the author’s view that each area of work in this thesis 
would not benefit significantly from inclusion of spalling. Every principle 
presented and methodology discussed remains equally valid with or without 
the inclusion of spalling. 
 
As the work progresses, the scale of the problems that are discussed gradually 
increases; after consideration of the micro level material properties, single 
element analyses are considered; this is followed by the development of a 
series of whole frame finite-element models and the introduction of different 
design fires. Finally, a number of the techniques developed are brought 
together into one, conceptually simple, methodology. 




1.2. AIMS OF THE RESEARCH 
There are a number of additional, more specific, aims for this research. 
• To understand how concrete material behaviour and the way that it is 
modelled can affect structural behaviour. In the past, compressive 
behaviour of concrete at high temperature has been studied 
extensively. However, the implementation of high temperature 
material models within finite-element analyses is a relatively 
unexplored area. This work will examine the phenomenon of load 
induced thermal strain and identify the key features which affect 
structural behaviour. 
• To develop a method for assessing structural capacity during and after 
a fire. Current simplified techniques for sectional analyses are well 
understood at ambient temperature. As members are heated, though, 
the properties of the steel and concrete change and the simplified 
methods are no longer as effective. This thesis will closely examine the 
creation of interaction diagrams under both ambient and heated 
conditions, to allow structural capacity to be more rigorously defined. 
• To develop a methodology for assessing whole building behaviour 
aspects during and after a fire. Existing methods used to assess the 
resilience of structures under fire conditions rely on basic structural 
measures. Large-scale finite-element modelling produces a significant 
amount of data from which only a small fraction is ever used to 
measure structural performance. This work develops a methodology for 
whole structural assessment which utilizes much of the available 
information and produces comprehensive output regarding the 
performance of the structure.  




• To understand whether, and how, different design fires can affect a 
concrete structure. Current design approaches rely on simplified 
representations of temperature to represent fires which might occur in 
a building. These simplified scenarios have a number of assumptions 
which render them inappropriate for application to many modern 
buildings. This thesis explores a new approach to defining the fires 
that might occur and studies the affects of such fires on a concrete 
building. 
1.3. OUTLINE OF THESIS CHAPTERS AND APPENDICES 
“Chapter One – Introduction”  A brief description of the background to the 
research, research aims, and thesis structure. 
 
“Chapter Two – Background”  A review chapter: a historical context for the 
current research is presented; the changes that temperature affects in 
concrete are discussed; and a review of current assessment techniques is 
conducted. 
 
“Chapter Three – Numerical Modelling of Concrete at High Temperature”  
Different constitutive models for concrete are presented, compared, and 
discussed. The phenomenon known as load induced thermal strain is defined 
and methods for implementing it in numerical models are analysed. Its 
impact on a simplified structure is considered, and the three-dimensional 
effects are discussed. 
 




“Chapter Four – Sectional Analysis”  A new technique for creating bending 
moment/axial force interaction diagrams is presented. The properties of the 
tangent stiffness matrix are used to efficiently locate the failure surface of a 
concrete section. The technique is applied to heated concrete sections and 
compared to current methods. 
 
“Chapter Five – Whole Structures”  A finite-element model of a generic 
concrete structure is subjected to a series of design fires. The impacts are 
studied using a combination of techniques. The effect of partial column 
heating is analysed, and utilization rates for the entire structure are defined. 
 
“Chapter Six – Travelling Fires”  An existing travelling fire methodology is 
presented and applied to a finite-element model of a generic concrete 
structure. A number of fires of different area, shape, temperature distribution 
and duration are defined, and their effect on the structure is studied using 
conventional performance indicators.  
 
“Chapter Seven – Whole Structures and Travelling Fires”  The whole 
structure analysis techniques developed in chapter five are applied to analyse 
the difference between the various travelling fires presented in chapter six. 
Techniques for identifying the most vulnerable members and changing the 
structural design are discussed. 
 




“Chapter Eight – Conclusions and Further Work”  The final chapter 
rehearses and summarizes the main conclusions from the research conducted 
and discusses scope for further work. 
 
“Appendix I – Numerical Modelling of Materials”  Reviews the techniques for 
implementing a material model with a constitutive hardening curve in a 
finite-element code. 
 
“Appendix II – Concrete Structure”  Reviews the design and sensitivity 
analyses for the concrete structure that features in chapters five, six and 
seven. 
 
“Appendix III – Response of Structure”  Presents the response of the 
structure to the different applied fires in the form of loading capacity 
diagrams. 
 
“Appendix IV – Papers”  A selection of papers that were published from 
research completed for this thesis. 
 
“Appendix V – Selected Examples of Code”  Examples of some of the 





The aim of this work is to characterize the behaviour of concrete structures 
during fire and develop techniques for assessing the capacity during and after 
a fire. Before it is possible to begin such a task, it is necessary to understand 
the background of the discipline: to identify trends and place the research 
within a historical context. Since all structural behaviour is rooted in 
material properties, it is also imperative to have a good understanding of how 
construction materials behave, both under ambient and heated conditions. 
This second chapter will review the background to the current state of 
structural fire engineering and discuss the changes that take place in concrete 
as it is heated. 




2.1. STRUCTURAL BEHAVIOUR 
To create numerical models of structures, as this research will, not only do 
the material behaviours have to be characterized, but observations of the 
effects of fire on real structures must be made. Simple material descriptions 
can result in surprising, and complex, overall structural behaviour when real 
testing is conducted. It is the aim of numerical models to ensure that low 
level material behaviour can be successfully transferred into models that then 
predict and represent the global behaviour seen in larger scale structures. 
Though the focus of this thesis is the performance of concrete, the story of 
steel and concrete are so intertwined they are impossible to fully separate. As 
such, much of the information concerns structure made from both materials. 
This section will discuss developments in both testing and numerical 
modelling from a historical perspective. 
2.1.1. Real Tests 
The testing of structural assemblies in fire dates back to the late 1800s as 
reported by Babraskus [7]. As construction techniques became more advanced 
and multi-storey buildings became more common, designs moved away from 
traditional all masonry arches to more complex forms. The building’s super-
structure was increasingly made with a frame of iron members. Floors, 
meanwhile, began to be constructed from smaller masonry arches sprung 
from iron beams [7]. Initially, the aim of many fire tests was to establish, 
through experiment, the relative merits of the products created by competing 
patent holders of these new technologies. Many different organizations 
throughout Europe and the USA are documented as having conducted fire 
test on assemblies such as walls, floors, columns and doors [8]. 
2.1.1.1. Standard Testing 




In the UK, the first concerted efforts at fire resistance testing were published 
by Edwin Sachs [7] in 1899. Sachs is particularly worth mentioning, as his 
role in the field of fire testing is significant, but his role is also significant in 
the field of reinforced concrete design [35] and structural engineering in 
general. In 1897, he founded the British Fire Prevention Committee (BFPC) 
who undertook a series of tests on floor assemblies in purpose built masonry 
“huts” . In 1906, concern about the quality and composition of aggregates led 
to the establishment by the BFPC of a Special Commission on Concrete 
Aggregates. One of the specific concerns was the use of materials that often 
contained un-burnt coal, as an aggregate. This was of special interest to 
Sachs, as he was the editor of “Concrete and Constructional Engineering” . 
The close association between concrete and fire resistance has meant that 
unlike iron or steel members – which were often fitted with passive fire 
protection such as masonry boxes or tera cotta covers – fire resistance was 
considered from a very early stage. The first meeting of the Institute of 
Structural Engineers was held, with Sachs as its chair, in 1908 under its 
original name of “The Concrete Institute” . In 1911, the initial primary driver 
for the specification of concrete cover was the need for fire resistance.  
 
During this time, the procedure for fire resistance testing had become 
somewhat standardized. In 1903, the BFPC issued a standard on the 
classification of protection. This included minimum temperatures for the 
tests; required loading for some assemblies; and resistance duration 
requirements [8]. Though this standard became recognized in many countries, 
engineers in the USA opted to create their own standard. 




After the death of Sachs in 1919 testing in the UK did not progress 
significantly; the BFPC ceased to function in 1924 [131]. Since 1906, the Fire 
Officers Committee (FOC) had been using a testing facility in Manchester. In 
1929, The Royal Institute of British Architects (RIBA) moved this testing 
station to Borehamwood. In this intermediate period, most testing occurred 
at sponsors’  premises or at fire stations. During this time, the progress of 
standardization was gathering pace in the United States. 
 
The new the, American, National Fire Protection Association (NFPA) 
standard saw the introduction of the first temperature-time curve; it was 
based on the idealization of a number of other curves and was closest to a 
curve which had resulted from a number of wood stoked tests in New York in 
1902. The initial rate of temperature increase was made higher to account for 
the recent introduction of gas or oil fired furnaces. A notable feature of this 
early standard was the provision that an assembly should be tested for 25% 
longer than the required period [8]. The first tests which systematically 
attempted to measure the temperatures in the furnace were conducted under 
the supervision of Simon Ingberg from the National Bureau of Standards [7] 
in 1922. It was recognized by Ingberg that the new standard curve had 
limitations. He understood that it did not represent a “real”  fire situation. He 
also recognized though that to subject every assembly that required a fire 
rating to a whole series of more realistic curves would be prohibitively 
expensive. Ingberg, introduced the concept of fire severity whereby the 
different temperature-time curves could be compared using the equal area 
concept. Using this technique, Ingberg hypothesised that it was the integral 
of the fire curve that was important, not the shape of the temperature-time 




curve. This concept lives on to the present day, and is used to give fire 
ratings to assemblies exposed to “natural”  fires. 
 
In the UK, meanwhile, the RIBA had recognized that variation in bylaws 
and lack of proper definitions was leading to misunderstandings and 
confusion in fire testing. It was proposed, therefore, to draft a suitable 
standard. After the consideration of a number of curves, it was eventually 
decided to adopt a curve similar the USA standard. The differences stem 
from the definition of temperature as a function of time rather than a 
graphical representation of temperature-time. This standard was published as 
BS-476 in 1932 and has since been incorporated into the Eurocodes and ISO 
standards [44,86].  
 
The standard fire remained largely unchallenged until the 1970s when 
Pettersson developed the, so called, Swedish curves. These temperature-time 
curves used the heat release rate of the fire and balanced it with the heat 
losses from the compartment due to heat transfer through the walls and from 
the openings. Thus, the temperature in the compartment was dependent on 
the fuel load, the compartment ventilation and the geometry of the 
compartment. As the solutions were implicit, the curves were given in tabular 
or graphic form; a number of curves were given for different fire loads and 
opening factors. Pettersson’s temperature-time curves have subsequently been 
changed into an explicit form and are presented as the Eurocode parametric 
fires in Eurocode 1 [53,160]. Each of these fires has a simplified rate of cooling 
[161]. 




Since the inception of the first standard fires, fire testing on assemblies of 
elements has continued using a standard fire. Elements are given fire ratings 
of half hour intervals based on the amount of time that element is said to 
have survived a fire [27]. The failure criterion varies depending on the type of 
assembly that is being tested. Horizontal load bearing elements are normally 
defined as having failed when some deflection criteria has been met; vertical 
elements are said to have failed when they can no longer support the applied 
load. There are also integrity criteria which are designed to prevent the 
spread of smoke or fire. These criteria are equally applicable to both load 
bearing and non-load bearing elements. There is further discussion of 
different failure criteria later in this chapter and throughout the thesis. 
 
In summary, standard testing is by definition conducted in an artificial 
environment. It is artificial in several senses:  
• The assemblies are tested in isolation. Consequently, the interaction of 
the element with a larger structure is not represented or understood. 
• The furnace and standard curve do not take into account the material 
that is being tests. For example, if the surface of the test assembly has 
a very high thermal inertia, then less gas (or oil) will be required to 
achieve the required temperature in the compartment at any given 
time. This results in a less severe test. 
• The assembly can be tested any number of times until it achieves the 
require fire rating. 
• Unlike the original standard, an assembly only needs to achieve the 
required time to obtain a rating. An assembly that failed after 1hr and 




1s would achieve the same rating as an assembly that failed after 1hr 
29min and 59s. 
 
It should also be stated that there are some advantages of this testing 
method. For example, the standard is universally recognized and its meaning 
is therefore well understood by engineers around the world. Also, the long 
history of the test means that many products have been rated using the 
system: to change it would require the retesting of thousands of products. 
2.1.1.2. Moving Away From Standard Testing 
In the UK from 1946, a fire grading system was introduced [61]. The aim of 
this was to safeguard life-safety and property. This system gave the required 
fire resistance ratings (according to BS 476) for different building occupancies 
and was generally regarded as being successful in its aim [107]. However, the 
economic rationality of fire protecting public and office buildings and the 
proportionality of the cost with respect to other aspects of safety was 
questioned [67]. 
 
During the 1970s, the desire to reduce or eliminate fire protection from steel 
structures led architects and engineers to find justifications for removing 
protection based on how the structure performed and the wider context of 
the building. Some of the earliest examples of this performance-based design 
include the Royal Exchange, Manchester, and the Pompidou centre, Paris 
[105]. These projects reasoned that fire protection could be omitted without 
additional danger to occupants or the fire-service and, in the case of the 
Pompidou centre, the main columns were filled and cooled with water to 




allow the omission of external protection [105]. At this time, however, there 
was resistance to the introduction of fire safety engineering into structural 
fire design; this was both from structural engineers and regulators [108]. It 
was, though, recognized that the procedure of standard fire testing was both 
unreliable and expensive [126,163]. It was also thought that one of the 
limitations of the standard fire test was that it did not take into account the 
behaviour of the whole structure and that this could lead to failure of 
elements in real fires which passed the standard fire test [106]. As a 
consequence of these concerns, there was a move towards analytical 
structural fire engineering methods; alternative approaches to obtaining fire 
ratings were sought [36,59,87,95,160].  
 
At this stage, most of the interest was in relation to steel members; the 
reason for this focus was due to the high cost of protecting steel members 
against fire [102]. Although some work was conducted on concrete members 
[77], as concrete’s fire protection was seen as being inherent to the material, 
most of the work on concrete concentrated on cover [43]. However, there was 
a significant amount work on the material behaviour of concrete at high 
temperature [4,94,127]. It was also recognized that thermal expansion could 
play a significant role in the behaviour of members [39]. As computers 
became increasingly available and powerful, the focus shifted from analytical 
(hand calculation) approaches to numerical approaches [66,140]. The finite-
element method and other numerical calculation methods were used to 
predict the behaviour of steel structures exposed to fire [30,128,141]. 
 




In summary, during this period of development there was a good deal of 
progress in the discipline of structural fire engineering. Shortcomings with 
traditional methods of design had been identified; pressure from consultants 
[107] and the innovation of new computer techniques were driving the 
development of the design guides [36,59] and model codes [33] that became 
the basis for the Structural Fire Eurocodes.  
2.1.1.3. Towards Whole Frame Behaviour  
In the early hours of June 23rd 1990, a major fire occurred at 14 storey office 
building in Bishopsgate, London [149]. The building (Figure 2-1) was in the 
final stages of construction and although most of the partition walls and fire 
protection was fitted, sections of column protection were not present at the 
seat of the fire. The fire began in a sub-contractors hut on the 1st floor and 
caused extensive damage to the first and second floors. The fire was deemed 
to have burnt severely for two and a half hours with a total duration of four 
and a half hours. There were no casualties, but £25,000,000 of damage was 
caused; of this, only £2,000,000 was structural damage [45].  
 





Figure 2-1.  Figures from official Broadgate report [149] a) Broadgate building prior to fire; 
b) part of burned section of the building. 
 
The performance of the structure was considered to be satisfactory as there 
was no collapse, and adjoining property remained safe. Indeed, as the first 
fire of its kind [149], Broadgate revealed the degree to which whole structural 
frame could contribute to structural performance during a fire; it also showed 
that the single member approach to fire safety design was non-rational and 
over-conservative [102]. The relatively good performance of Broadgate, and 
the non-inclusion of the phenomena observed in design practices of the time 
led to a new phase in structural fire research. 
 
In response to Broadgate and in an attempt to better understand how the 
structure had behaved, a series of large scale fire tests were conducted at 
BRE’s testing facility at Cardington. Fire testing had been conducted at this 




facility since 1970 [131], and by the early 1990’s, there were 14 permanent 
rigs established. Three large scale structures were built at Cardington, the 
first was an eight storey composite steel structure completed in March 1993; 
the second was a timber frame test; and the third was a concrete frame. 
 
In the steel test the design of the structure, and fires to which it was subject 
were heavily influenced by Broadgate [24]. In 1995 and 1996, a series of six 
tests were conducted on different parts of the structure. During the various 
tests, it was found that steel temperatures in some locations exceeded 
1100˚C with no collapse occurring. Traditional design methods would have 
defined failure at approximately 680˚C; this emphasized the difference 
between the behaviour in a standard test and in a real structural assembly. A 
significant amount of computer modelling work was conducted on the 
Cardington steel frame tests.  
 
Initial modelling attempts were generally successful; however, many 
simplifying assumptions were made [13]. As techniques became more 
advanced, the number of simplifying assumptions was reduced. Non-linear 
material and geometric effects were included in finite-element models 
developed by researchers at Sheffield, Edinburgh, and Imperial Universities 
[49,75,83]. 
 
The Cardington tests and the computer models definitively demonstrated 
that composite action of a whole structure could dramatically improve 
performance during a fire. As the beams were heated, the slab began to act 




as a tensile membrane [121]. This change in behaviour caused the slab to 
perform better than it would have done if bending was the dominant 
mechanism: large deflections were achieved without loss of stability or 
compartmentation. Together, Broadgate and Cardington demonstrated that 
the single-element, standard testing approach was inadequate in terms of 
understanding ultimate performance, and overconservative. The experiments, 
in conjunction with some additional testing [18], resulted in the development 
of new design tools and guidance [10,11,121]. 
 
In 1998, a similar sized concrete frame was also constructed at Cardington. 
The frame was intended to analyse the performance of various aspects of 
construction and the performance of the structure. One aspect of the study 
was the response of the structure to fire [34]. However, due to the imminent 
closure of BRE’s Cardington facility, the experimental setup and testing was 
conducted hastily in the late summer of 2001 [9,82]. Unfortunately during the 
test, spalling caused some of the fire protection material shielding the data 
collection equipment to become dislodged; as a result, the cabling for the 
data-logging equipment was destroyed and there is only a partial dataset. 
Though there have been general studies into the behaviour during the fire, in 
comparison with the steel tests at Cardington, little modelling work has been 
done, as the dataset was incomplete.  
 
Though the full scale Cardington test represented a step change in the 
approach of researchers and engineers with regard to the behaviour of 
structures in fire, it also represents the zenith of large scale structural fire 




testing to-date. Subsequently, there have been whole frame tests, but they 
have generally been much smaller experiments [16,109,110].  
2.1.1.4. Towards Performance Based Design 
The net result of these developments is that design philosophies and 
engineering techniques in connection with fire have begun, and continue, to 
change. The conventional methods of prescriptive design had become an 
obstacle in the drive for more advanced and efficient structures. The mid-
1990s saw the introduction of performance-based design in many countries 
around the world [29]. This allowed engineers to design structures to meet 
performance requirements rather than to follow a prescribed set of rules for 
each structural assembly. For example, design codes such as Eurocodes 0 to 4 
[51,52,54,56,58] allow engineers a high degree of flexibility in the way they 
design structures. Prescriptive design remains acceptable, but if they wish, 
engineers may use more advanced approaches such as calculation methods or 
finite-element modelling to demonstrate that a structure is able to perform 
adequately in a fire.  
2.2. TECHNIQUES FOR DESIGN 
Early modelling techniques were intended mainly as a substitute for the 
standard test. The aim was to calculate the critical temperature of a beam 
analytically rather than conduct an expensive and unreliable furnace test. 
Later, the focus shifted towards representing all aspects of structural 
behaviour that would occur in a real fire. There are a multitude of techniques 
that can be used for the design of structures in fire. They can be broadly 
divided into two approaches; “simplified”  calculations, and “advanced” 
calculations. Many of the simplified approaches are described in a number of 
textbooks [29,42,129]; they will not, therefore, be described in full detail here. 




Rather, special attention will be paid to the isotherm method which is 
specific to concrete design. The isotherm method is discussed further in 
chapter 4. 
2.2.1. Isotherm Method 
Hand calculations have the significant advantage that they are relatively 
basic; they can often be completed by hand, or in a simple spreadsheet. They 
do not require knowledge of advanced pieces of software, and can often be 
accomplished by following simple rules. It is not always necessary to resort to 
complex heat transfer models to estimate the temperature in the steel; there 
are a number of different estimation approaches which can be taken [29]. 
Temperatures in concrete, however, are more complex to predict due to the 
non-linear behaviour of the temperature properties. 
 
To account for this, a number of pre-calculated temperature profiles for 
different concrete sections subject to the Standard Fire are available in codes 
[55]. These allow designers to perform calculations to predict the sectional 
capacity of the heated member. The simplest and most widespread [112] of 
these is the 500˚C isotherm method. This technique is used to calculate the 
moment and axial interaction capacity of a concrete member under heating. 
As the high temperature behaviour of concrete is very complex, the behaviour 
is reduced to a simple “on or off”  type analysis. Material that is found to be 
in excess of 500˚C is ignored when calculating the resistance of the section. 
Likewise, material that is below the 500˚C limit is assumed to be under 
ambient conditions.  
 




The temperature of the steel reinforcement bars is assumed to be the same 
temperature as the surrounding concrete. The yield stress of the steel is 
assumed to be in line with realistic degradation rates. Other than these two 
modifications, the calculation of the axial/bending interaction diagram is 
much the same as is conducted under ambient conditions [119]. 
2.2.2. Finite-Element Modelling 
The ability of computers to model structures subject to fire has advanced 
significantly since the mid-1990s. Early finite-element models were fairly 
limited in their range of applicability [150]. Typically, they were created to 
perform a specific task and performed this reasonably well. However, there 
was little consideration of anything more than single elements in isolation. As 
computers became more powerful and the events at Broadgate and 
Cardington drew attention towards the importance of full structural 
behaviour the finite-element tools became more advanced. 
 
The software can be broadly split into two catagories: purpose built software 
aimed at structural fire engineering problems; and general purpose finite-
element packages that are also able to model the effects of temperature. The 
two main purpose built software packages are Vulcan [137] and SAFIR [65]. 
These have been developed and validated [64,65] by researchers at the 
Universities of Sheffield and Liege. The general purpose software packages 
include Abaqus [1] and ANSYS [5] and have a huge range of functionality 
some parts of which are applicable to the field of structural fire engineering. 
The appropriateness of using such general packages in structural fire 
engineering has been demonstrated by a number of researchers who have 
successfully modelled structures subject to fire [75,81,101]. 




2.2.3. Defining Failure 
One of the problems frequently encountered in both structural testing and 
numerical modelling is that of the definition of failure. If a slab collapses, 
then it can obviously be said to have failed. However, if a collapse occurs 
during a test this can cause considerable damage to the furnace [14]. Thus, 
definitions of failure for testing applications are conservative so that the test 
can be stopped before catastrophic failures occur [97]. Throughout this work 
a number of definitions of failure will be considered. Each of these definitions 
is made using a particular measure of structural behaviour. It is not clear 
that one definition is inherently superior to another. The measures stem from 
structural testing procedures or from material property definitions. They are 
frequently now applied not just to testing the performance of real structures, 
but also to the design of structures to resist fire. Finite-element models make 
it very easy to measure each of the indicators described below. Consequently, 
engineers can use one (or multiple) definitions to identify strengths and 
weaknesses in their designs. 
2.2.3.1. Deflection 
Maximum deflection is frequently used as a failure criterion. Failure is 
typically defined as a ratio of deflection (e.g. span/20 [27]) or, where 
appropriate, can be defined as the deflection which would breach 
compartmentation. For the reasons described above, this definition is not 
strictly one of stability loss but rather a useful, if rather arbitrary, definition 
by which the performance of a structure can be measured.  
 
It should also be noted that rate of deflection is also frequently used as an 
indication of the loss of stability and the start of runaway deflection. A limit 




for rate of deflection is given in the British Standards [27] as L2/9000d, where 
d is the distance from the top of the section to the bottom of the design 
tension zone and L is the span. This criteria is only used when the deflection 
has already exceeded L/30. 
2.2.3.2. Temperature 
In steel structures the temperature of columns or beams is often used as a 
simple indication of failure. For concrete structures, this translates to the 
temperature of the tension reinforcement. The member is typically said to 
have failed when the yield stress of the steel reaches half its ambient 
capacity. This occurs at what is known as the “critical temperature” ; for 
rebar this is usually taken as 593˚C [98]. 
2.2.3.3. Excessive Steel Strain 
In concrete structures, the rupture strain in steel reinforcement is often used 
as a basis for a failure criterion. Typically this measure is better suited to the 
numerical analysis of structures rather than fire tests because of the 
difficulties associated with instrumentation of rebar. The ultimate strain for 
steel at any temperature is usually taken as 0.2 [32,57].  
2.3. MATERIALS 
All of the behaviours that structures exhibit as they are heated have their 
roots in the changing mechanical and thermal properties of construction 
materials. Many papers [79,90,94,144] and books [22,29,129] describe the 
properties of steel and concrete at ambient and high temperatures. This 
chapter does not intend to rehearse the full details of these studies. Rather, it 
aims to provide the reader with a summary of the main processes and trends 
that govern a material’s behaviour at ambient and at high temperature. 




Where a parameter or process is of particular relevance to this work, it will 
be explored in greater depth.  
 
Since concrete is the primary focus for this thesis, it will be discussed in the 
most detail; steel will be treated more briefly. Recently, traditional concrete 
construction has been supplemented by the addition of Fibre Reinforced 
Polymers (FRP), and plastic or steel fibres. Both of these materials are 
outwith the scope of this study; the material properties and changes in 
concrete properties that these additions invoke will not be considered. 
2.3.1. Concrete 
The variation in different concretes due to exposure to high temperatures is 
extremely great [22]. It is possible to describe the qualitative processes that 
concrete undergoes as it is heated, but to predict exactly the quantitative 
behaviour for anything other than a precisely known mix of materials is very 
challenging. Instead, statistical averages of multiple tests on different 
concretes must be taken. These can be used as the basis for numerical 
models. This section briefly reviews the physical changes that concrete 
undergoes, and describes the main generally accepted phenomena that occur. 
2.3.2. Physical Behaviour 
Reinforced concrete consists of cement paste, aggregate and rebar [63]. 
Studies of concrete material properties at temperature have tended to focus 
mainly on plain concrete. It has been found that one of the main factors 
affecting compressive strength with temperature is aggregate type [22,144]. 
There are two main classes of aggregate type; Calcareous, and Silicous. 
Though the behaviours of these two types of concrete are different, the 




processes that they undergo are similar in nature. Bazant [22] recognizes that 
due to the large number of factors affecting the compressive strength of 
concrete at high temperature, it is possible to draw only broad “qualitative”  
conclusions. 
 
The behaviour of concrete in fire has been found to depend largely on the 
materials from which it is made. It has been noted that due to the varying 
compositions of different concretes, strength loss at 120˚C can range from 
30% to 100%; by changing the concrete mix, it is possible to induce strength 
loss at a higher temperature [90]. However, cement type has been found to 
have little effect on the compressive strength and other researchers have 
stated that different water cement ratios do not affect the changes in the 
compressive strength [22,144].  
 
As concrete is heated changes occur in its chemical composition, physical 
structure and water content. Most of these changes occur within the cement 
paste [22]. The first of these changes to initiate is evaporation of all the free 
water [79]. This process reaches its peak just above 100˚C. Below 105˚C it 
is generally accepted that the amount of chemically bound water does not 
change. However, high temperatures “drive out”  the pore water present in the 
cement paste and above 105˚C the amount of chemically bound water 
reduces [22]. It has been found that from approximately 150˚C, the 
chemically bound water begins to be released from the hydrated calcium 
silicate. This causes shrinkage which, in conjunction with the thermal 
expansion of the aggregate, causes micro-cracking from approximately 




300˚C. The formation of these micro-cracks causes irreversible changes in the 
concrete’s compressive strength and stiffness [79]. The development of these 
cracks can be limited as it has been found that compressive stress in the 
material during heating can have an impact on the compressive strength. 
This is because the compressive stress helps to keep cracks closed and is 
particularly the case where the loading ratio is greater than 20% [144]. 
 
Between 400˚C and 600˚C, cement crystals decompose causing weakening of 
the concrete [79]. It loses 80% of its compressive strength between 400˚C and 
800˚C [164]. Indeed, when concrete has been heated to above 800˚C it is 
reported that, on cooling, it can often be crumbled by hand [79]. Up to 
approximately 500˚C, the weight loss of aggregates is minimal. The 
aggregates in most concrete remain stable up to this temperature particularly 
for lightweight aggregates [22]. Calcareous concretes begin to loose their 
strength at higher temperatures than concretes of silicious aggregates [144]. 
In siliceous aggregates, the quartz present experiences a crystalline structural 
change between 500˚C and 650˚C. This change is a non-recoverable 
endothermic reaction; in the case of calcareous aggregates decarbonation 
occurs, and carbon dioxide is expelled [22]. On cooling, the newly freed 
calcium oxide absorbs atmospheric water, and expands. This expansion 
causes the already formed cracks to expand further [79]. 
 
Above 1150˚C all the minerals in the cement paste have either melted or 
turned to their glass phase [79]. A further phase change in siliceous 
aggregates between 1000˚C and 1200˚C results in the complete and 




irreversible breakdown in the structure of the quartz. Further structural 
changes occur before melting commences at approximately 1700˚C. 
 
On cooling, depending on environmental conditions, and the composition of 
the concrete, further strength loss can be induced, or a slight recovery can be 
made [85,164,165]. Some researchers have found a further decrease in 
strength by 20% [144], while others have observed a recovery of 13% [85]. 
2.3.3. Parametric Description 
The processes described above, and the composition of any concrete, have 
multiple and varied effects on the mechanical and thermal properties of 
concrete as it is heated and cooled. The exact rates of degradation in strength 
and stiffness etc. will depend on the exact mix of the concrete as well as the 
experimental setup. The results of innumerable experimental studies are not, 
therefore, presented; instead, the numerical models presented in Eurocode 2 
are briefly described. These trends are generally accepted, and though 
quibbles may exist regarding precise values and exact rates of degradation, 
the behaviour is well documented in a number of well known sources [29,129]. 
The author feels, therefore, that to repeat these trends here would not add 
anything to this work and the reader is, therefore, referred to textbooks such 
as Buchanan’s [29] and Purkiss’  [129] for a discussion of the properties and to 
Eurocode 2 [55] for a detailed parameterized description of the phenomena. A 
very brief description is provided below to highlight the most important 
points of behaviour. Discussion of the various approaches to implementing 
these descriptions in finite-element codes is provided in chapter three. 
2.3.3.1. Thermal Properties 




The most dramatic changes in the thermal properties of concrete are caused 
by the evaporation of water. Numerically, this is typically represented by a 
sudden increase in the specific heat capacity between 100˚C and 120˚C and 
then a return to the original value [101,162]. The size of this increase is 
dependent on the moisture content of the concrete being modelled. The other 
major change in the thermal properties of concrete is the reduction in 
conductivity due to cracking and degradation; there is also some minor 
reduction in the material’s density. 
2.3.3.2. Mechanical Properties 
The most important changes in the mechanical properties are the degradation 
of stiffness and strength, and the thermal expansion of the material. 
 
Initially, there is little loss of ultimate strength, but above 500˚C the 
reduction in compressive strength is rapid [78,85]. It has been shown that 
prudent choice of aggregate can increase the temperature at which significant 
degradation occurs to 600˚C [89]. It is generally acknowledged that the 
material does not return to its original strength when it returns to ambient 
temperatures though the degree of recovery is uncertain [22,79,144,165], 
ranging from further degradation to some recovery. 
 
The degradation of stiffness shows a broadly linear trend between 200˚C and 
700˚C [143]. A number of researchers have presented models which attempt 
to replicate this behaviour. The methods are broadly similar and were 
summarised by Youseff [167]. 




The degree of thermal expansion is highly dependent on the types of 
aggregate used. Siliceous aggregates tend to expand the most, followed by 
calcareous, and light-weight aggregates which show almost no expansion [91]. 
The degree of expansion given in EC2 is broadly in line with other 
experimental data [22,143]. 
2.3.4. Steel 
The behaviour of steel is significantly less complex than that of concrete. The 
main physical changes are the loss of strength and stiffness, and a crystalline 
phase change at 712˚C. As with concrete, the reader is referred to standard 
texts [29,129] for more information on the behaviour of steel at high 
temperatures. 
2.4. SUMMARY AND CONCLUSIONS 
This chapter has provided background for the remainder of the thesis: the 
history of structural fire engineering has been traced from the turn of the 
1900s to the present day; the processes that concrete undergoes as it is 
heated are discussed; and some of the methods that can be used to assess 
structural performance have been described. This description is by no means 
a full account, but rather locates the current research in a broader context. 
There are a few conclusions that can be drawn from this chapter. 
• Structural fire engineering is a relatively young discipline: the 
processes and techniques that are used are in a constant state of 
development. 
• Despite its relative youth, many of the founding principles are based 
on work that was conducted up to 100 years ago. Many of the 
decisions that were made at that time appear rather arbitrary in 




today’s context. In spite of this, the work has had, and continues to 
have, a huge impact on the development of the field. 
• An appreciation of the motivation and reasoning behind early 
decisions is necessary to understand the current techniques used in the 
field. 
• Most of the more recent developments in structural fire engineering 
have occurred in relation to steel structures. 
• The chemical processes and parametric changes that concrete 
undergoes as it is heated are well understood. 
• An understanding of just one of the many phenomena that occur as a 
structure is heated is not sufficient to analyse the behaviour of 
concrete structures in fire.  
• Definitions of structural failure are often arbitrary. 
3 
 
Numerical Modelling of  
Concrete at High Temperature  
 
The previous chapter discussed the degradation phenomena such as the 
reduction in strength and stiffness that occur as concrete is heated. However, 
to transfer these observable properties into codified modelling techniques, the 
parameters must be expressed mathematically. Some modelling techniques 
rely on the pre-definition of sectional moment/curvature and axial 
force/strain properties [73,97], but the most common approach is to define 
the material behaviour from predefined behaviours [55]. This allows the strain 
and corresponding stress to be calculated (or looked up) on an ad-hoc basis 
and used within a model as required. The definition of the relationship 
between strain and stress is known as a constitutive model. This chapter 
presents several constitutive models which were created specifically for 




modelling concrete at high temperatures. This chapter also analyses the 
behaviour known as load induced thermal strain. New techniques for 
implementing this phenomena in constitutive curves are proposed and their 
influence on finite-element models are considered. 
3.1. CONSTITUTIVE MODELS 
Once a set of material degradation parameters such as those discussed in the 
previous chapter have been described, it is necessary to link them together in 
a complete model. In the case of concrete in fire, a number of different 
researchers have created mathematical descriptions which attempt to 
represent the stress-strain behaviour of concrete as strain and temperature 
vary.  
 
It is clear from the description of the processes which heated concrete 
undergoes that there are a large number of different strain constituents that 
influence the behaviour of concrete. There is differential expansion, cracking, 
shrinkage and creep; indeed, some researchers have studied with great depth 
the different strain processes which occur during concrete heating [92] and 
have identified many separate types of strain. The aim with most structural 
modelling, however, is not to create a model which captures all phenomena 
exactly, but rather capture the major trends which a material undergoes. As 
such, most stress-strain models for heated concrete simplify these down to the 
following equation [29,129]: 
 ( ) ( ) ( ) ( )TtTTT trcrth ,,,, σεσεσεεε σ +++=  (3.1) 
Where, ε is the total strain, εth is the thermal strain, εσ is the mechanical 
strain, εcr is the creep strain, and εtr is the transient strain. Though many 




researchers have produced formulae for the estimation of specific properties, 
only a limited number [71,124,144,153,154] have produced complete 
constitutive models to describe the compressive stress strain behaviour of 
concrete. In recent years, several papers have summarized some of these 
models [113,167] – though there are differences in the way the models have 
been interpreted. Three of the most well known models are described in detail 
in this chapter: the Khoury-Terro model [153]; the Anderberg-Thelandersson 
model [4]; and the model adopted by Eurocode 2 [55]. 
 
Before these models are described, though, equation 3.1 will be examined 
more closely. The total strain to which a piece of concrete is subjected is 
composed of several parts: 
 
Thermal strain. Thermal strain, also known as thermal expansion, is defined 
as the degree to which the material expands as it is heated. The thermal 
strain in concrete is caused by a combination of net expansion of the 
aggregate and the cement paste. Unrestrained thermal expansion does not 
induce any mechanical stresses in the concrete. Thermal strain is typically 
defined in terms of α (or strain per degree temperature change) and is a 
function of temperature. 
 
Mechanical strain. Mechanical strain is the strain which directly induces 
stresses in the material. It is composed of elastic strain and plastic strain and 
is a function of temperature and stress. 




Creep strain. Creep strain describes the strain which occurs with time and is 
a function of temperature, stress and time. In many situations, the creep 
strain is considered so small that it is negligible [113].  
 
Transient strain. Transient strain is an additional plastic strain constituent 
that is dependent on temperature and stress. Often called load induced 
thermal strain (LITS), this constituent is considered in more detail below. 
 
All of these constituents must be considered to accurately represent different 
types of structure. It is not, however, necessary to include the thermal strain 
in the constitutive model as this is not dependent on the stress in the 
material – only the temperature. Consequently, the following models describe 
the constitutive stress-stain curves excluding the influence of thermal 
expansion. 
3.1.1. Khoury-Terro Model 
Over the past three decades, a significant body of work has been completed 
at Imperial College [92,94] regarding the behaviour of concrete under different 
temperature and loading conditions. One of the focuses has been to advance 
the understanding of the phenomena known as load induced thermal strain. 
Based on the experimental data generated at Imperial, Terro [153] created a 
constitutive model for concrete that incorporated an empirically fitted 
equation for LITS. 
 




The mechanical stress strain formulation was a simplified method of the 

































σ2=  (3.3) 
Where εuT is the temperature dependent strain at peak stress, and σuT is the 
temperature dependent ultimate stress. Schneider proposed that n should be 
equal to 2.5 for lightweight concrete and 3.0 for normal concrete. Terro, 










σε 226.3032.0  (3.4) 
where; 
 ( ) 6473422 101077.21019.21035.673.287.43 −−−− ⋅⋅−⋅+⋅−−= TTTTLITS  (3.5) 
Equation 3.5 was fitted to the master LITS curve created by Khoury. 
However, Thames gravel concrete departed from the master curve above 
400˚C and a fifth order polynomial was proposed for use in this case. A 
number of formulae were also presented for strain at maximum stress to 
account for different levels of pre-stress. Figure 3-1 shows the stress strain 
plot for Terro’s equations at different temperatures. 



























Figure 3-1.  Constitutive curve for concrete at high temperature according to Terro’s 
model. 
 
There are several points that should be made about Terro’s model: 
• It does not explicitly state that the strain due to LITS is irreversible. 
Though this does not affect the ascending branch of the stress strain 
curve, it does influence the descending branch. It is assumed here that, 
given the irreversible nature of LITS, it is intended that the LITS be 
fully plastic. 
• There is no allowance made for a time dependant creep component. 
• In recent studies of constitutive models, there has been inconsistency 
in the application of the instantaneous stress-strain curve. The study 
by Li [113] regarded the relationship to be linear elastic, whereas, the 
study by Youssef [167] used the Schneider method above. This study 
will use the latter method since this allows for a descending branch, 
and provides a much closer match to available data. 




• In the study by Youssef, where the Schneider method was adopted, it 
was concluded that the model achieved “good accuracy” . 
3.1.2. Anderberg Thelandersson Model 
Anderberg’s method [26,113,167], published in 1976, is based on results from 
experimental data from the Lund Institute of Technology. As with Terro’ s 
model, Anderberg’s approach subdivides the strains in accordance with 
equation 3.1 and explicitly considers the presence of transient strain 
components. 
 
The instantaneous stress-strain component is given in two parts. A parabolic 
ascending branch, and a mostly linear descending branch. The parabolic 
curve continues beyond the strain at ultimate stress in order to provide a 
smooth transition between the ascending and descending branches. These 
equations take the form: 
 














For ε1 ≤  ε ≤  εult 
 ( )11 εεσσ −+= −E  (3.7) 
In which 












































Anderberg defines transient strain as: 






























Where σu0 ultimate stress at ambient, and ktr is given as 2.35.  
 
The transient strain part of Anderberg’s formulation has been the subject of 
much discussion. Work by Khoury [93] has demonstrated that there is no link 
directly between thermal expansion and transient strain. Discussion has 
primarily focused on whether or not it is valid to use a numerical relationship 
despite there being no physical basis for it. Despite the issues from which the 
model suffers, recently further research has obtained “ktr”  values for different 
types of concrete [155]. However, the scope for such work has been shown to 
be limited since there are some concretes for which thermal expansion is zero, 
yet LITS still occurs; this could not be represented by this model. 




In an attempt to address the problem of linking the transient strain to 
thermal expansion, Nielsen [122] proposed a modification to Anderberg’s 










⋅−= σε 00038.0  (3.13) 
Unlike Anderberg’s transient strain component, this can be used for all 
values of temperature and stress. Nielsen’s formula has been shown to 
provide a good match to both experimental data and the model proposed by 
Terro. Anderberg’s model also includes a creep strain component. However, it 
was noted that practically it may be neglected in short term transient 
conditions [113] – such as exposure to fire. For other applications, for 
example in nuclear reactor design, it would be necessary to consider creep 
due to the longer term exposure to elevated temperatures. 
 
Figure 3-2 shows the final constitutive curves for various temperatures for 
Anderberg’s equations including Nielsen’s modification. 



























Figure 3-2.  Constitutive curves for Anderberg’s model corresponding to various different 
temperatures. 
 
Several points can be made about Anderberg’s model: 
• Though a formula for creep strain is included, it can be omitted under 
certain conditions. This is convenient numerically since its inclusion 
would require the introduction of time into any simulation; without it, 
this is not necessary. 
• The issues relating to the link between transient strain and thermal 
expansion can be resolved satisfactorily by the use of Nielsen’s 
formula. 
• It has been demonstrated to compare well with experimental data. 
• It is highly sensitive to the variation of Young’s modulus. 
3.1.3. Eurocode 2 Model 
Chapter two referred to Eurocode 2 [55] in relation to quantification of the 
degradation rates of various material properties. Also presented in this 
Eurocode is a formulation for a full constitutive model that defines the 




material’s stress strain relationship using a single equation. The ascending 




























The definition of the descending branch is left as a matter of discretion for 
the user. It can be either linear or non-linear according to equation 3.15; the 
maximum allowable strain is, however, defined. Figure 3-3 shows the stress 
























Figure 3-3.  Definition of constitutive stress-strain curves according to Eurocode 2-2. 
 
Though it is explicitly acknowledged in the Eurocode document that the total 
strain is composed of the constituents of equation 3.1, no guidance is offered 
specifically regarding the inclusion of LITS. It must be assumed, therefore, 
that transient strain components are implicitly included in the formulation. 
This assumption is confirmed by the similarities that can be found when 
comparing the various methods.  




3.2. COMPARISON OF METHODS 
Chapter two described the changes in the material parameters that are used 
to inform the constitutive models above. Since the different models above 
were calibrated using different types and mixes of concrete, a direct 
comparison of the models with their “as is” values would be misleading. A 
useful comparison between the models can only be made where there is a 
degree of uniformity in input parameters such as ultimate strength, and 
strain at peak stress. To allow comparison, parameters from different sources 
have been used. This method of comparison has been used before – though 
with different selection of parameters [113]. 
 
The same parameters have been used as inputs for the Terro and the 
Anderberg models; the reference ambient ultimate stress was taken as 
30MPa; the strains at ultimate stress which Terro recommended [153] have 
been used for both models. Since both of these methods calculate the elastic 
modulus directly from this value, the elastic moduli are also the same. To 
allow these models to be compared with the Eurocode, the degradation of 
ultimate compressive strength recommended in the Eurocode was used as the 
ultimate compressive strength. Since the Eurocode is a free-standing 
document, it has been left “as is” ; to change any of the input parameters 
would be distorting it from its intended form. Figure 3-4(a-d) shows the 
comparisons at different temperatures. 






























































































Figure 3-4.  Comparison of three constitutive models at; a) ambient; b) 200˚; c) 500˚C; 
and d) 700˚C. 
 
The ascending branches for the models are fairly consistent; though 
similarities between them start to reduce above 500˚C. The strains at peak 
stress are also broadly similar – with the exception of the 700˚C model. The 
main difference between the models is their descending branches. This is 
unsurprising, as the Anderberg and Eurocode models define a linear 
descending branch, while the Terro model shows a non-linear curve. It should 
be noted that there is provision within the Eurocode to use a non-linear 
descending branch as will be adopted in chapter four. 




It is notable that one model is not consistently steeper, or has the lowest 
strain at ultimate stress. This demonstrates that in terms of stiffness and 
strain at peak stress, it is difficult to highlight one model as being 
particularly better – or worse – than another. It can be concluded, therefore, 
that, like the degradation parameters, though the work of different 
researchers may be different in the specifics, the overall effects are roughly 
equivalent. It should be noted though that the Eurocode model is steeper at 
200˚C and 500˚C. The effects of this can be seen in the higher stresses that 
are generated during heated that are described later in this chapter. 
 
Figure 3.4 shows the net results of all the contributions of the strains in 
equation 3.1. It does not, however, give any indication of the development of 
plastic or elastic strains. As with any material the development of plastic 
strains has a significant impact the behaviour of a concrete structure. Of the 
different strain constituents, the two plastic contributions are the plastic part 
of the conventional elasto-plastic response, and the transient stain 
component. As transient strain – sometimes called load induced thermal 
strain – is particularly important in concrete structures, particular attention 
will be given to it here. 
3.3. LOAD INDUCED THERMAL STRAIN 
Load induced thermal strain in concrete has been studied for many years 
from a materials science perspective. The influence of LITS on the micro 
behaviour of concrete has been well understood, particularly in one 
dimension. The influence of LITS on overall structural behaviour, however, 
has been less well considered. Also neglected have been techniques for 




including LITS in material models. This section will present the basic 
principles of LITS in significant detail: terminologies used to describe it are 
defined and explained; the impact of modelling techniques is also analysed 
with respect to the response of a structure during the cooling phase of a fire.  
3.3.1. Previous Work 
As presented in equation 3.1, the total strain developed in heated concrete is 
composed of a number of different constituents. Load induced thermal strain 
is an umbrella term used to refer to a number of these strain constituents 
[92]. The presence of LITS constituents alters the strain behaviour of concrete 
if the material is heated under applied stress. In fact, concrete heated under 
high compressive stresses can be observed to shrink – rather than expand due 
to thermal expansion. The most significant constituents of LITS (but not all) 
are non-recoverable; hence, the effects of LITS are only evident on first 
heating. 
 
There has been a great deal of work concerning LITS over the past four 
decades [22,94,144,154]. Modern development of LITS started in the 1960s 
with the realisation that LITS existed [94]. The following decade saw a great 
deal of work which identified numerous LITS components and isolated them 
– demonstrating that the main component was distinct and had its own 
properties. 
 
During the 1980s a large amount of work was carried out – particularly at 
Imperial College [93] – which suggested the existence of a “master”  LITS 




curve whose properties were independent from other concrete properties such 
as strength, age, moisture content, and aggregate type. As previously 
discussed with reference to Anderberg’s model, Khoury et al. also showed 
that LITS was physically independent from free thermal expansion. 
 
Despite the volume of work on the material property aspects of LITS, the 
implications for structural behaviour are yet to be fully understood. The 
presence of LITS causes additional strains. These could cause structures to 
respond differently than previously expected if LITS was not included. Since 
the strains involved are largely irrecoverable, LITS has an active influence 
during heating, but is not active during cooling. As the development of 
larger, whole frame, structural models becomes more commonplace, the 
understanding of how a structural member behaves and interacts with the 
rest of a building under heating and cooling becomes more important; the 
influence of preloading and the development of locked-in strains becomes 
more pertinent. 
 
Although there are a large number of constituents involved in LITS it is not 
necessary to build phenomenological models which include every phenomenon 
separately. The models reviewed in the previous section include LITS either 
explicitly or implicitly by modelling the net outcome rather than the 
processes involved. Although modellers have also begun to include these LITS 
models in their simulations [26,120] no one of these models has been found to 
represent structural behaviour more satisfactorily than others. The process 
that is used to include LITS constituents in a material model is worth 




analysing more closely so that the full implications of inclusion in finite-
element models can be understood. To do this, it is necessary to also fully 
understand what is meant by LITS.  
3.3.2. Explanation of LITS 
LITS is defined as the difference in strain between the free thermal expansion 
(εth) of concrete, and the thermal expansion when the same concrete is heated 
under a level of pre-stress. Figure 3-5 shows the difference between a typical 
unstressed sample and a pre-stressed sample. It can be observed that under 
higher levels of pre-stress the material shrinks. 
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Figure 3-5.  Difference between strain when heated with different levels of applied stress 
 
The existence of a large number of distinct phenomena contributing to LITS 
has led to a number of different terms being used to describe them. This has 
caused some confusion regarding what different terms mean. The more 
commonly used terms are: 
 
Basic creep. Basic creep is used to describe the strain of thermally stabilized 
concrete when under constant load at constant temperature. In conditions 




where the temperature is not constant, by definition, the term basic creep 
cannot be used. Instead, Khoury [92] adopts the term of a “time dependent” 
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a) b) 
Figure 3-6.  Modelling LITS as part of the constitutive curve; a) elastic modulus at 
different temperatures; b) effect of different elastic moduli on total strain, 
corrected for initial strain. 
 
Elastic strain. Though LITS appears to manifest itself as a change in the 
thermal expansion under different pre-stresses and temperatures, it can 
instead be thought of as being part of the stress-strain definition of the 
material. The elastic constituent of LITS is caused by the change in elastic 
modulus as temperature increases, as illustrated in Figure 3-6a. The 
horizontal constant stress line shows how the strain increases with increase in 
temperature. The influence of this change is demonstrated in Figure 3-6b 
where the total strain experienced by the material does not follow free 
thermal expansion. Instead, the strain at each temperature is reduced by the 




reduction in elastic modulus. It should be noted that the total strain for the 
pre-stressed sample is corrected for initial strain.  
 
Of course, the LITS developed in Figure 3-6b will be fully elastic, and were 
the material to be cooled back to the starting temperature the strains would 
be fully recovered. If, however, plastic strains were introduced they would not 
recover on cooling; the combination of these different types of strain is what 
is meant by the multiple components of LITS. Defining LITS in this way 
allows it to be included in the material’s constitutive model for the concrete. 
 
Transitional thermal creep (ttc). Transitional thermal creep develops 
plastically during first-time heating of sealed concrete under load [94]. It has 
been suggested that ttc is by far the largest component of LITS [153] and it 
should be emphasized that ttc is distinct from basic creep or time dependent 
strain. It is thought that the origins of transitional thermal creep are in the 
cement paste and that the addition of aggregate restrains it.  
 
Drying creep is the shrinkage experienced by the material due to the 
evaporation of water. This can only occur where the specimen is unsealed 
and, therefore, able to dry out. 
 
Transient creep and transient strain describe the same phenomenon and refer 
to the sum of ttc and drying creep. Though both these terms are technically 
time dependant it is thought, that for practical purposes, they can be 




regarded as quasi-instantaneous. Since drying creep is regularly omitted from 
the transient strain calculation, and because ttc is such a large component of 
LITS, the three terms; ttc, transient strain, and LITS have been incorrectly 
regarded as synonymous. Henceforth, for clarity, transient creep/strain will 
be referred to as transient strain. 
 
The effect of these plastic strain constituents is to modify the stress/total-
strain relationship. Instead of tracing the path of the elastic modulus, strain 
will be offset by the additional strain constituents. It should also be noted 
relaxation will occur along the elastic modulus as shown in Figure 3-7. Since 
the strains are non-recoverable, they will be modelled here using plastic 
theory. 
 
Figure 3-7.  Elastic modulus and path followed after modification by plastic components; 
return is along the original elastic modulus. 
3.3.3. Apparent Elastic Modulus 
The constitutive curves described in the previous section have key features in 
common: they both present a constitutive stress strain curve which varies 
with temperature; the curves are based on the way that material strength 
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and elastic modulus degrade with increased temperature; the curves are then 
modified by the transient strain component (or the LITS component in the 
Terro model). This three step method of obtaining a final constitutive curve 










































Figure 3-8.  Construction of the final constitutive curve: a) three step formulation of 
constitutive curve at a given temperature; b) apparent and actual elastic 
moduli. 
 
For most stress-strain curves, there is an elastic region before the onset of 
plastic strain. It is reasonable, therefore, to assume that the initial tangent 
modulus is equal to the elastic modulus. Put another way, the first section of 
the stress-strain curve is within the elastic region of the material. The 
situation becomes less clear with the inclusion of LITS. The modification of 
the original stress-strain curve by the LITS components causes plastic strains 
to develop as soon as the material is stressed. The implication of this is that 
the tangent modulus of the constitutive stress-strain curve is never equal to 
elastic modulus of the material – even at zero strain, or where the ascending 
branch is straight.  




It is, therefore, impossible to identify the elastic modulus of the material from 
simple inspection of the constitutive curve. If this is attempted, a value of 
elastic modulus will be obtained which is not the actual modulus, but the 
“apparent”  modulus of the material. This will result in significant 
underestimation of the true plastic strains which would develop if the actual 
modulus was in use. Figure 3-8b illustrates the difference between the 
apparent elastic modulus of a material and the actual modulus as defined by 
the constitutive equations. 
 
In finite-element applications the difference between the actual and apparent 
material moduli must be carefully considered. There are circumstances under 
which the differences between the moduli will not affect the response of a 
structural model. For example, under increasing strain or heating the solution 
will simply follow the defined curves in the appropriate way. However, if the 
applied strain is reduced, there are multiple heating phases, or there are more 
complex loading patterns to be considered, the mal-definition of the plastic 
strains becomes significant. This has not been a major issue for most models 
as the emphasis has predominantly been on the heating phase of the fire. 
However, as attention turns to cooling it is necessary to consider these 
components more carefully. 
 
The mechanical properties of concrete described in Eurocode 2 [55] have the 
potential to suffer from these problems. The model is defined by the 
specification of peak stress, peak strain, and strain-at-peak-stress – not elastic 
modulus. Thus, the user has to define an elastic modulus to associate with 




the model. A reasonable assumption might be to assume that the elastic 
modulus should be equal to the initial gradient of the constitutive curve. 
However, as discussed above, this may not be a useful or accurate 
assumption. 
3.3.4. Simple Example 
The influence of the definition of elastic modulus is demonstrated using a 
series of simple constitutive models. As with all the finite-element modelling 
conducted as part of this thesis, the code that was used was the commercially 
available software package Abaqus [1]. A plain concrete column pinned at 
both ends and idealised as a single element was considered. The temperature 
was raised uniformly to 500˚C and then cooled back down to ambient 
temperature. Five different constitutive models were applied: the Anderberg 
model; the Anderberg model with use of the apparent elastic modulus; the 
Terro model; the Terro model with the use of the apparent elastic modulus; 
and the Eurocode model. The constitutive curves for ambient and 500˚C are 
shown in Figure 3-9. The resulting stress from the heating and cooling 
regimes was then plotted against the temperature (Figure 3-10b.).  


























Figure 3-9.  Constitutive curves at two different temperatures: a) at ambient; b) at 500˚C. 
 




Thermal expansion caused compressive stresses to build up as the column 
was heated due to the fixed ends of the column. Though the associated 
material models followed the same path through heating, the strains that 
built up in the models with the apparent moduli were predominantly elastic, 
whereas, in the models with the actual moduli, most of the strain was plastic. 
This only becomes evident on cooling, where the apparent models slowly 
released the stresses and were only pulled into tension when the temperature 
was close to returning to ambient. The models which used the actual moduli, 
on the other hand, were unable to recover the strains developed and rapidly 




































Figure 3-10.  a) The simplified beam/column setup; b) Stress response to heating and 
cooling regime. 




Also presented in Figure 3-10 is the stress path that the Eurocode 2 model 
takes under the same heating regime. The first notable difference between 
this model and the two research models is that the stresses generated were 
significantly higher. This was due to the steeper gradient of the constitutive 
curve in the ascending branch between the temperatures of 200˚C and 
500˚C as previously observed. Though this could be considered as an 
important difference between the models, it is of no specific relevance to this 
study which is primarily concerned with the development of elastic and 
plastic strains. 
 
Analysis of the cooling stress path demonstrated that though the Eurocode 
model does not exhibit either strain type – mostly plastic or mostly elastic – 
in the extreme, it is much more similar to the apparent models. This is 
expected since the elastic modulus was derived from the gradient of the 
constitutive curve. The plastic strains are more significant than the other 
apparent models because the curvature of the ascending branch in the 
Eurocode is greater than that of the other models. Once the material becomes 
subject to tension, the stress/temperature relationship is dependent on the 
tensile properties of the material. In this model these were not considered; 
however, it should be noted that were the tension/compression properties 
similar, the actual moduli models would experience much larger tensile 
stresses. 
 
Though this is a very simplified model, it demonstrates that it is necessary to 
consider the difference between the apparent and the actual elastic modulus 




of a model. It shows that a difference of definition can have significant 
impact on the structural response during cooling or unloading.  
3.3.5. More than One Dimension 
This method works well in one dimension; in more than one dimension, 
however, inclusion of LITS using this method has other impacts. These need 
to be thoroughly considered in order to effectively model the phenomenon 




εσ D=  (3.16) 
 
In the post-elastic regime the plastic strains are governed by the flow rule. 
Consider a single element, subject to a displacement-controlled loading in 
principal direction 2, but free to move in the transverse directions with a 
Drucker-Prager (see appendix I for further details) yield surface and a 
perfectly plastic material behaviour, as shown in 
Figure 3-11. The associative isotropic flow rule dictates that once the yield 
surface is reached, plastic strain must occur in a direction orthogonal to the 
yield surface in stress space. This means that plastic strains are induced in 
directions other than the one in which the load is applied. If a non-associative 
flow rule were used, this would change. The principle, however, would be the 
same so for the purposes of this chapter an associative flow rule will be used. 
 
The implications of this for the implementation of LITS via a constitutive 
curve are significant. The inclusion of LITS in the constitutive curve whether 




implicitly (with an “apparent”  elastic modulus) or explicitly (with an “actual” 
elastic modulus) will result in a proportion of that LITS becoming active in 
the transverse directions. The magnitude of the extra strain would depend on 
the stress state of the material, and on the degree of plasticity developed in 
the principal direction. For example: should the element described above be 
at a stress state at point A, no plastic strains would be induced in the 1-
direction.  
 
In the case of the apparent modulus a large proportion of the extra 
incremental transverse strain may be elastic; while in the case of the actual 









Figure 3-11.  Plastic flow, and model setup 
 
The impact of this difference is demonstrated below using the Drucker-Prager 
yield criterion with a constitutive curve corresponding to that of the 200˚C 




Terro LITS curve. This temperature was used as there is a significant 
difference between the actual and apparent moduli, but the temperature is 
not too extreme. Two different models were created each with a different 
elastic modulus – apparent or actual – but with the same constitutive curve. 
The models consisted of a single cubic element, restrained at the base in the 
2-direction (but free to displace in the 1- and 3-directions) and were strained 
in the 2-direction. The corresponding deformations and plastic strains were 
recorded.  
 
Figure 3-12a shows the total deformation in each of the principal directions. 
The deformations in the 2-direction (i.e. the direction of strain control) are 
the same for both of the models. In the unrestricted directions, however, 
there are significant differences in the total deformations, particularly in the 
inelastic phase of the constitutive model. The origin of these differences can 
be clearly seen from Figure 3-12b. In the “apparent”  model the plastic strains 
do not develop until much later in the deformation process. The “actual”  
model on the other hand – because of the difference between the elastic 
modulus and the shape of the constitutive curve – activates the plastic strain 
components immediately. This difference in plastic strain is entirely due to 
the activation of the flow rule at a much lower stress. Consequently, though 
the plastic strain in the loading direction is what would be expected from 
using the “actual”  modulus in the constitutive curve, the impact of this 
approach can be clearly seen in the non-loading directions. 
 








































































Figure 3-12.  Strain tests: a) total deformations; b) plastic strains. 
3.3.6. The Embedded Modulus 
To allow the modelling of LITS to be representative, a new method for the 
inclusions of LITS in the constitutive model, while avoiding this transverse 
strain issue, is proposed. The Drucker-Prager yield criterion and plasticity 
equations are solved in a two step method: first, the elastic strains and 
corresponding plastic strains are calculated using the apparent modulus and 
the normal solution methods (Figure 3-13); then, the elastic and plastic 
strains are recalculated using the actual modulus (Figure 3-14). As such, the 
actual modulus is embedded within the solution procedure. This second stage 
can expressed simply as: 







σε =1  (3.17) 
 
where Eem is the embedded actual modulus, and σ is the stress calculated 
from the previous solution. Since: 
 
totalplel εεε =+ 00  (8) 
The new plastic strain can be directly calculated from: 
 
11 eltotalpl εεε −=  (9) 
 
The new plastic and elastic strains are then used in the subsequent analysis. 
The equivalent plastic strain is not, however, changed. Consequently, the 
strains developed in the transverse directions are in line with those that 
would occur when using an apparent modulus, but the plastic strains 
developed in the principal direction are as would be expected from using the 
actual modulus. It should also be noted that where plastic strain has 
occurred, but the yield function is found to be negative (i.e. the total strain is 
reduced), the corresponding elastic stresses must be recalculated using the 
embedded modulus. Otherwise, the redistributed strains would be reabsorbed 
into the elastic region on return to zero stress. 
 






Figure 3-13.  Calculation of plastic and elastic strains: a) hardening with apparent modulus; 




Figure 3-14. Redistribution of strains due to the difference between actual modulus and 
apparent modulus: a) redistribution with respect to the constitutive curve; b) 
additional plastic strain component in strain space. 
 
A Drucker-Prager [31,38,40,41,80,125,169] model was created which 
incorporated this method of modification by the embedded modulus. The 
implementation of a failure surface in a finite-element model is discussed in 




some detail in appendix I. A model with an apparent elastic modulus and an 
embedded actual modulus was subjected to a test as described above. The 




























































Figure 3-15. Comparison of the embedded method against the other methods: a) total 
deformation; b) plastic strain. 
 
The total lateral deflections experienced by the “embedded”  material are the 
same as those experienced by the “apparent”  material. Equally, the total 
plastic strain experienced in the loading direction is the same as those 
experienced by the “actual” material. Thus, it can be said that a fully plastic 




transient strain component has been included in the model without affecting 
the deformations in the non-loading directions. This allows the plastic LITS 
effects to be successfully modelled uni-axially and in proportion to the 
applied stress in the way stated in the governing LITS equations. 
3.4. DISCUSSION AND CONCLUSIONS 
This chapter has summarised the main aspects of constitutive modelling for 
concrete at high temperature. Special attention has been paid to the 
phenomenon know as LITS. It has been shown that though there are a 
number of different models for predicting the development of LITS, the 
differences between them are relatively small. The most important aspect of 
including LITS in numerical models has been identified as the presence of an 
elastic modulus that is distinct from the tangent of the constitutive curve. It 
has been demonstrated that this simple modification can be made to existing 
finite-element codes to allow the key characteristics of load induced thermal 
strain to be represented in a more realistic fashion. 
 
There are several conclusions which can be drawn from this chapter: 
• The different constitutive models studied produce similar final curves. 
• The explicit consideration of plastic LITS in the two research models 
allows plastic strains to be more realistically considered. 
• The consideration of an embedded modulus allows the true LITS 
plastic strains to develop in an implicit model such as that in the 
Eurocode. 
• The development of realistic plastic strains is particularly important 
on cooling where significant strain reversal occurs. 




• The three dimensional implications of the development of plastic LITS 







The previous chapter presented various constitutive models that can be used 
to represent concrete in numerical modelling. Before this work moves on to 
consider the application of these types of models to larger scale finite-element 
simulations, assessment and design techniques used for concrete will be 
discussed in more detail. Chapter two reviewed the various metrics that are 
used to assess structures during testing and modelling. Another design tool 
that is frequently used is that of sectional analysis; the 500˚C isotherm 
method was briefly discussed, this will be analysed in more detail here. 
However, this chapter presents more than the codified methods of sectional 
assessment: bending moment axial force interaction diagrams are a commonly 
used tool in any design office. When designing for fire conditions, the large 
axial forces which develop place an additional importance on the 




consideration of the interplay between axial forces and moments. This 
chapter brings the process of sectional analysis back to first principles. The 
Eurocode 2 constitutive model that was discussed in the previous chapter is 
implemented to create a new method of deriving interaction surfaces from the 
sectional tangent stiffness matrix. 
4.1. BACKGROUND 
The design of reinforced concrete sections requires the specification of a 
number of parameters such as the section breadth and depth; the area of 
steel; and the strengths of the concrete and steel. Where a section is subject 
to both an axial force and bending moments about one or both axes, 
interaction diagrams are commonly used to determine the area of steel 
required to resist the moments and forces to which the section is subjected. 
Design guides [37] which support structural design codes (e.g. Eurocode 2 
[54]) often provide interaction diagrams for use with typical concrete sections 
at ambient temperature that allow the user to circumvent the cumbersome 
calculations necessary to determine suitable section parameters directly. 
However, there are many situations, such as fire loading, where structural 
engineers may need interaction diagrams for sections which are not covered 
by the standard cases. In these circumstances it is necessary to produce 
interaction diagrams from first principles. 
 
This chapter considers the creation, use and reliability of interaction 
diagrams for concrete sections; in particular those subject to fire loading. One 
of the problems frequently encountered in structural fire engineering is that 
of the definition of failure. The motivation for creating interaction diagrams 
for sections at high temperature lies in the difficulty of defining failure for a 




single element. Often failure of heated sections is loosely defined as the 
beginning of run-away deflections, or the time at which steel reinforcement 
reaches a pre-determined temperature, but such definitions are too vague to 
lead to efficient design. The use of carefully prepared interaction diagrams 
allows for a much tighter definition of section failure. Although a full 
understanding of the failure process requires global structural modelling, the 
use of an interaction diagram in conjunction with knowledge of the loading 
state of a section allows an engineer to determine how close a single member 
is to failure. 
 
The first part of this chapter reviews the available methods for constructing 
interaction diagrams for use in the design and also the assessment of concrete 
sections. It highlights the difficulties associated with obtaining interaction 
diagrams for determining ultimate capacity using existing methods. A new 
method of creating two- or three-dimensional interaction diagrams of sections 
under any temperature field based on the tangent stiffness matrix of a section 
is then presented. It is anticipated that this technique will allow design 
engineers to make rapid assessments of the capacity of any concrete section 
when subject to arbitrary fire loading. This is important as it allows fires 
other than the standard or parametric fires to be considered and the 
techniques will be applied extensively in later chapters. The method can be 
implemented easily in any of the programming languages or mathematical 
analysis packages commonly available in design offices. Finally this chapter 
makes comparisons between using interaction diagrams constructed using this 
method to design heated concrete sections, and existing Eurocode design 




methods as described in chapter two. It is concluded that current methods 
are not conservative. 
4.2. CREATING INTERACTION DIAGRAMS – EXISTING METHODS 
4.2.1. Interaction Diagrams for Ambient Temperature Design 
Interaction diagrams used for design are based on the assumption that there 
is a maximum allowable concrete compressive strain which prevents concrete 
crushing [119] (Figure 4-1). It is also frequently assumed that plane sections 
remain plane, that the tensile strength of concrete is negligible [48,134,166] 
and that the concrete stress distribution can be represented by a rectangular 
stress-block [117,119]. From these assumptions, the derivation of an 
interaction diagram is relatively simple. By holding extreme fibre strains at 
the maximum permissible value while curvature is varied, moment and axial 
force (M-N) pairs that lie on the interaction diagram for the section can be 
obtained by appropriate integrations of the resulting stresses over the section. 
Where the stress block is used, the integration is very simple and can be 
conducted by hand or using a spreadsheet. 
 
Figure 4-1. The development of a stress block from first principles. 
 




This method enables the creation of interaction curves in uniaxial bending, 
and also interaction surfaces when biaxial bending is considered. The method 
is efficient because each M-N pair calculated is known to lie on the design 
interaction curve due to the assumption of a maximum permissible concrete 
strain. Diagrams produced this way can either be used directly or be 
normalized appropriately to allow the engineer to specify the section 
properties. However, because the assumptions made regarding maximum 
strain and the size of the associated stress block are design assumptions 
(which may include safety factors), the interaction diagrams obtained are not 
indications of failure strength, but rather show an appropriate conservative 
design capacity. 
4.2.2. Interaction Diagrams for Assessment 
Assessment of the ultimate, rather than design, capacity of a section may be 
required in a number of situations, including that of assessing the strength of 
a section under fire loading. Assessing ultimate capacity requires a different 
approach to that used for assessing design capacity. The assumption of a 
maximum fixed permissible concrete strain cannot be made because, for 
heated sections, the strain at ultimate stress is temperature dependent and, 
consequently, the maximum moment capacity may occur at curvature that 
induces a strain greater than, or less than, the strain required to crush the 
concrete in different parts of the section. Similarly, a realistic concrete stress-
strain relationship should be used, rather than a simplified stress block. Since 
the appropriate compressive strain is not known, it is no longer 
straightforward to find strain-curvature pairs that lie on the interaction curve 
for a section. 
 




Several methods for obtaining interaction diagrams when maximum 
compressive strains are not specified have been presented. The simplest rely 
on variations of a “brute force”  approach in which a section is analysed for 
many combinations of εa and κ (axial strain and curvature); appropriate 
integrations of the section stresses are then used to plot a point in M-N space 
for each combination. Assembly of all these points gives a “cloud”  of points 
which are all inside or on the interaction curve [21,74,136]. By connecting the 
outer-most points in this cloud, the interaction curve can be drawn. Figure 
4-2c demonstrates the generation of a number points which would contribute 
to the cloud of data. A significant problem with this method is that there is 
no clear way of determining which points lie on the interaction curve and 
which points lie just inside it, so determining the interaction curve from a 
cloud of points is awkward. These problems are magnified if biaxial bending 
is considered and an interaction surface required. The method is also 
computationally expensive as many integrations of the stresses over the 
section are required. 
 
An alternative approach to integrating stresses over an entire section is to 
use the “rapid exact”  inelastic biaxial bending analysis technique [60,139] 
which allows very efficient analytical integration of the stresses. This method 
relies on Green’ s Theorem [100] to convert the costly double integration of 
stresses over a section to a highly efficient line integral around the section 
boundary. Implementation of the method requires the stress-strain 
relationships of the materials to be analytically integrable but can be applied 
to any cross-section. Although computationally much more efficient than 




simple brute-force methods, the problem of identifying points that lie on the 





Figure 4-2. a) Arrangement of the section, and material properties; b) Change of the 
determinant of the stiffness matrix with respect to curvature for two values of 
axial strain; c) Interaction plot for two different values of axial strain with 
varying curvature; d) Conceptual illustration of the search algorithm used for 
identifying strain-curvature points on the interaction diagram. Points where 
the stiffness matrix determinant is singular (circles) lie between curvatures 
that cause the determinant to change sign. The precise location of singularities 
between such curvatures is found using the secant method. 
4.2.3. Sectional Analysis at High Temperatures 




Exposure of a concrete section to a fire, and the resulting temperature 
increase cause the capacity to reduce and the shape of the failure surface to 
change. In design, several methods are available for assessment of a heated 
member’ s capacity [53]. The most commonly used and simplest is the 500˚C 
isotherm method [55,112]. As described in chapter two, this method allows 
the design bending capacity of a heated section to be calculated based on the 
assumption that concrete retains its full strength below 500˚C and has 
negligible strength above 500˚C. Reinforcement material properties are 
calculated based on centre-line temperatures. The design capacity is assessed 
using the stress block method based on accidental limit-state (fire) partial 
safety factors. This approach avoids the need to calculate an interaction 
diagram altogether but is very crude and can be unconservative, as will be 
demonstrated later in this study.  
 
Several authors have created M-N interaction diagrams for sections at high 
temperatures [19,69,74], and others have created moment-curvature 
relationships based on similar assumptions [47,48,135]. These studies have 
predominantly focused on uniaxial bending; chapter 5 indicates that biaxial 
bending is often the most critical case. In order to create interaction diagrams 
for heated sections, it is necessary to correctly represent the degradation of 
material properties caused by temperature and also to represent the strains 
due to thermal expansion. The effects of concrete spalling on section capacity 
can be included by the adjustment of the geometry of the section. Once these 
effects have been taken into account, it is then possible in principle to create 
an interaction diagram using any of the (non-design) methods outlined above. 




However, in practice each method has practical difficulties when used at high 
temperature.  
 
 “Brute-force”  methods are relatively simple to implement for heated sections 
but the problems associated with these for ambient temperature analyses are 
amplified for high temperature analyses as a new diagram must be generated 
for every cross-sectional temperature distribution. The rapid exact method 
becomes unwieldy at high temperatures for two reasons. First, the stress-
strain relationship of concrete becomes more complex and this makes it 
difficult to integrate with respect to strain. Second, as the integration is over 
a region of both non-uniform strain and temperature, the stress-strain curve 
must be integrated with respect to the both change in strain and change in 
temperature over the region. 
4.3. AN ALTERNATIVE – THE TANGENT MODULUS METHOD 
In this section an alternative method is proposed to create interaction 
diagrams for sections both at ambient temperature and when heated by 
exploiting tangent stiffness matrices. The method has the key benefit of 
bypassing the difficulties in determining M-N pairs that lie exactly on an 
interaction curve or surface. 
4.3.1. Theory 
Although typically used in structural stability calculations as part of 
Shandley’s tangent modulus equation [21], tangent stiffness matrices can also 
be used to locate failure surfaces. A section’s tangent stiffness matrix relates 
small changes in generalized strains (typically an axial strain and two 
curvatures are needed for the analysis of biaxial bending of concrete sections) 




to small changes in the corresponding stress-resultants (an axial force and 
two bending moments). When a section’s response is non-linear, the tangent 
stiffness matrix is distinct from the elastic stiffness matrix. For the set of 
stress-resultants mentioned, the relationship between incremental stress-
resultants, tangent stiffness matrix, and incremental generalized strains of a 
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The set of stress-resultants that lie on the failure surface of a section are 
those that arise when an incremental change in the generalized strain vector 
result in δF=0. That is, stress-resultants on the failure surface are those that 
occur when K is singular, or 
 det(K)=0 (4) 




This fact can be used to determine stress-resultant vectors, F, for a section 
that are located on the interaction surface if incremental strain vectors which 
correspond to the above condition can be determined. 
4.3.2. Implementation 
It should be noted that, as with all non-finite-element calculations in this 
thesis, the following calculations were conducted using commercially available 
software, MATLab [116]. 
4.3.2.1. Ambient temperature 
Implementation of the tangent stiffness method for constructing interaction 
diagrams will be discussed with reference to a simple section at ambient 
temperature. The section dimensions and properties are shown in Figure 4-2a. 
Assumptions made in this implementation are: plane sections remain plane; 
the concrete compressive stress-strain behaviour is as given in Eurocode 2 
[55]; the tensile strength of concrete is zero; the stress-strain relationship of 
steel is elasto-plastic; and there is no bond slip between steel and concrete. 
Each of these assumptions has been made in various combinations by other 
authors [25,136,166]. They result in a marginally conservative estimate of 
strength (with the exception of bond slip). 
 
To produce the interaction curve for the section subject to uniaxial bending 
(κy=0), values of curvature for which det(K)=0 were found for discrete values 
of axial strain. These curvatures were identified using the Secant method, in 
conjunction with a simple search function to identify the neighbourhoods 
where det(K)=0 approached zero. For example, variation of det(K)=0 
against curvature for axial strain values of εa = -0.002 and 0.002 is shown in 




Figure 4-2b. Points where det(K)=0 are marked as singularities on the figure; 
each of these represents a point on the interaction curve in terms of strain 
and curvature. Step changes in the value of det(K)=0, caused by yielding of 
the reinforcement in either compression or tension, are marked by B on the 
figure. The corresponding curves in terms of moment and axial force are 
plotted in Figure 4-2c. Figure 4-2d illustrates conceptually an effective search 
algorithm for finding points where det(K)=0. For incremental values of axial 
strain the determinant is evaluated at a number of curvatures. A change in 
the sign of the determinant between curvature values indicates that a region 
where a singularity occurs has been reached. Once the singularity region is 
located, the secant method can be invoked to locate the precise location of 
the highlighted singularities. A number of techniques for finding the final 
location of the singularity region were attempted. It was found that the most 
efficient involved the process illustrated Figure 4-2d whereby the singularity 
region was found by a series of coarse iterations in one direction, and then 
when the sign of the determinant changed, the direction of search was 
reversed and the search step was reduced. This method, though not strictly 
the most efficient for each individual point, was the most robust algorithm. 
This was because it could be used to locate every point whether it was at a 
rebar yield location, or a gradually changing value of determinant. It allowed 
the algorithm to operate without the need for a series of logical steps to 
determine what type of point it would be and where the region of singularity 
would be. 
 




Once strain vectors that lay on the interaction surface had been determined, 
numerical integration was used to compute K and the corresponding F. The 





Figure 4-3. a) Surface plotted through all points; b) Slice taken through uniaxial bending 
plane; c) Multiple slices taken at different values of My; d) Surface removed, 
plot rotated and viewed from one side, and the different values of Mx and N 
displaced for each value of My. 
 
The procedure was easily extended to produce interaction surfaces 
corresponding to biaxial bending by introducing variations to κy. This was 
achieved by the use of a parameter which defined κy as a ratio of κx. 




Variation of this parameter from a large negative ratio to a large positive 
ratio by means of the tangent of an angle gave the full range of the biaxial 
failure surface, where a value of zero gave uniaxial bending about the x-axis. 
This full surface is shown in Figure 4-3a and discussed in more detail below. 
  
a)  b)  
Figure 4-4.  a) Geometry, boundary conditions, and loading of the finite-element model; b) 
Interaction diagram from tangent modulus method (bold) and the full field of 
data generated by the finite-element model. 
 
Presentation of interaction curves for uniaxial bending is well established and 
straightforward (e.g. Figure 4-2b). Presentation of interaction surfaces for 
biaxial bending in a form readily accessible to the design engineer is less easy. 
The presentation of a surface plot (Figure 4-3a) is not terribly useful in this 
respect. Visualisation choices are often dependent on the purpose for which 
the plot to be used. For generality, the plots in this study are presented as 
Mx, N interaction diagrams with multiple curves representing different values 
of My (Figure 4-3b and c). Thus, a large amount of information can be 
summarised on one diagram (Figure 4-3d). The process employed to create 
these diagrams is shown sequentially in Figure 4-3. A single plot is sufficient 
for a member with a minimum of one axis of symmetry. However, where a 




section is entirely asymmetric, two diagrams may be required to encompass 
all of the information. Alternatively, the section could be viewed along its 
biaxial bending plane. In design, the tensile capacity of concrete sections is 
not normally considered. As such, just the compressive capacities are 
presented in this chapter. 
4.3.2.2. Verification 
Verification of the above implementation was undertaken by comparing the 
results with finite-element analyses of the same problem. A stocky cross-
section of the section was subject to a series of strain/curvature analyses 
using the parametric study feature in Abaqus [1] (effectively a brute-force 
type of analysis). The analyses were conducted on a single beam element, and 
the effects of non-linear geometry were neglected (to ensure a purely sectional 
analysis). The arrangement of the model is shown in Figure 4-4a. The full 
“cloud”  of data resulting from the finite-element analyses and the failure 
curve resulting from employing the tangent modulus method are shown in 
Figure 4-4b. The outer points in the data from the finite-element analyses are 
in good agreement with the interaction curve predicted by the tangent 
stiffness method so the implementation is considered verified. 
4.3.2.3. Thermal Strains 
Applying a tangent stiffness analysis to a heated section is very similar to 
applying it to a section at ambient temperature. However, the assumption of 
plane sections remaining plane must be examined more closely.  
 
In unloaded axially and flexurally restrained members, the mechanical strain 
in any fibre is equal to the thermal strain. Thermal strains, therefore, directly 




induce stresses within the member (Figure 4-5). In unrestrained members, 
this is not the case; thermal strains induce changes in curvature and length, 
but no net moment or force [152]. Instead, they produce a deflection and 
internal self equilibrating internal stresses. The forces in the section balance 
as some regions are in compression, and some are in tension. In an 
unrestrained member, this leads to an initial mechanical strain state which is 
not zero. Thus, it has been recognised that to obtain valid load-axial strain or 
moment-curvature relationships, adjustments must be made to the initial 
state of the strain field to compensate for the thermal strain. In 
symmetrically heated sections, this can be done by the application of an axial 
strain to cancel out the axial force. The axial strain is calculated iteratively, 
such that the forces due to the combination of axial strain and thermal strain 
are in equilibrium [48]. 
 
Where a section is non-symmetrically heated, and thermal curvature is 
induced, the procedure is more complicated, but similar. Instead of the 
application of axial strain to equilibrate the axial force, a curvature and an 
axial strain must be applied until both the internal moment and axial force 
are in equilibrium. Where biaxial moments are introduced, equilibrium must 
be obtained by the adjustment of biaxial curvatures and axial strains.  
 





Figure 4-5. Illustration of thermally induced stain in an unrestrained section and thermally 
induced stress in a restrained section. 
 
Application of the initial strain state and subsequent calculation of the 
sectional yield surface allows the surface to be drawn for a cross section 
without reference to the member boundary conditions. In the case where an 
axial member remains unrestrained, no axial force will develop, and the 
loading state can be plotted from the applied bending moments. On the other 
hand, where a member is fully restrained the axial loading the member 
undergoes can be derived from simple calculations, or a finite-element model. 
In this situation, the axial load would be equal and opposite to the axial load 
due to the initial strain state [156]. Likewise, in a flexurally unrestrained 
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member no net bending moment would be induced by the thermal curvature. 
In the case where a member is at least partially restrained in rotation at both 
ends, bending moments would develop due to the thermal strains. 
 
 
a)  b)  
Figure 4-6. a) Temperature distribution in the column at one hour (°C); b) Uniaxial 
interaction diagram at ambient, t = 1800s and t = 3600s. 
 
The section described and analysed above was now assumed to be uniformly 
exposed to a gas temperature of 600˚C for one hour. A heat-transfer analysis 
was conducted using material properties from Eurocode 2 for calcareous 
concrete as inputs to the finite-element model. The temperature distribution 
in the column at one hour is shown in Figure 4-6a. Subsequently, mechanical 
analysis using the tangent stiffness method was undertaken to determine the 
interaction curve after one hour of heating. The steel stiffness and strength 
degradation rates given in Eurocode 2 were approximated to those of a 
perfectly elasto-plastic material and used in this analysis. A direct 
comparison between the uniaixal capacities of the ambient and heated 
sections can be made; Figure 4-6b shows the progressive change in the extent 
of the failure surface for the value of My = 0 and demonstrates the use of the 




tangent-stiffness method for determining interaction curves of heated 
sections. 
4.4. APPLICATION OF THE METHOD 
4.4.1. Analysis of a Heated Section 
To show the versatility of the tangent modulus method and to compare its 
predictions with existing methods, a beam similar to that of Dwaikat [47] was 
analysed (Figure 4-7a). The section was assumed to be subject to a Standard 
Fire [53] from three sides for a duration of two hours, and a heat transfer 
analysis of the section was conducted in the same manner as described above. 
The beam cross-section was then analysed using the tangent stiffness method 
for the predicted temperature fields at several intervals during the heating for 
a range of biaxial bending conditions. A bending capacity analysis of the 
beam was also conducted using the Eurocode 500˚C isotherm method. The 
same heat transfer data was used for this analysis, and values of η = 1.0, γM,fi 
= 1.0 and λ = 0.8 (Figure 4-1) were used in accordance with EC2. The 
results of all these analyses are also shown in Figure 4-7 and a direct 
comparison between failure surfaces at different temperatures with My = 0 is 
shown in Figure 4-8. Unlike a uniformly heated section [19,151], an 
asymmetrically heated section’s interaction surface distorts as well as 
shrinking during heating [69]. The asymmetry in the failure diagram results 
from the reference axis remaining at a constant location while the plastic 
neutral axis moves through the section. For further examples of the 
application of this method, see chapter six and appendix II. 













Figure 4-7. a) Arrangement of the section; b) Ambient interaction diagram for the section 
using both tangent method and isotherm method; c) Section temperature 
profile after one hour (˚C); d) Interaction diagram for the section at one hour 
using both tangent method and isotherm method; e) Section temperature 
profile after two hours (˚C); f) Interaction diagram for the section at two 
hours using both tangent method and isotherm method. 
 





Comparison of the results highlights significant differences between the 
predictions of the two methods. For uniaxial bending, Figure 4-7 shows: 
• The methods predict maximum axial capacity to within 2% of each 
other at all temperatures. 
• At ambient temperature (Figure 4-2b), the pure bending capacities 
given by the two methods are negligibly different. There is less than 
1% difference between the calculations. 
• At ambient temperature (Figure 4-2b), the isotherm method 
overestimates the capacity of the beam under combinations of moment 
and axial force by a maximum of 5%. 
• As the temperature of the section increases, the pure bending 
capacities given by the isotherm method are significantly above those 
given by the tangent stiffness method. This is particularly the case in 
sagging, where up to a 35% overestimation is obtained. Pure hogging 
produces a moment overestimation of 5%. 
• The isotherm method almost universally over-estimates the capacity of 
the section under combinations of sagging moment and axial force. In 
the high axial load region, this overestimation grows from 5% to 15% 
as the section is heated. 
• In contrast, overestimation of the hogging moment decreases as the 
section is heated. In fact, when the section is at its hottest, the 
agreement between the two results is very good with an error of less 
than 3% throughout. 
These observations of the uniaxial bending results for both methods show 
that the 500˚C isotherm method cannot be assumed to be a conservative 




design approach. It consistently overestimates the capacity of the section, 
particularly in sagging. Other researchers have found the isotherm method to 
be unconservative in pure uniaxial bending [76]. This study shows that the 
unconservatism extends to bending with different levels of axial force. 
  
a) b) 
Figure 4-8. a) Multiple failure surfaces; b) Comparison of uniaxial interaction diagram. 
 
Although it is unsurprising that a crude assessment such as the isotherm 
method does not give accurate results, it is of concern that the results are 
unconservative. The causes of this unconservatism are twofold: the specific 
differences between the prediction of sagging and hogging capacity at higher 
temperatures are largely attributable to the assumptions inherent in the 
isotherm method. However, it is possible to attribute some of the error 
directly to the use of a stress block technique. 
 
Heated concrete reaches its maximum compressive strength at a higher strain 
than cold concrete. Thus, in order for a section to develop a given axial load 
when subject to sagging bending, the neutral axis will be lower in a heated 
section than a cold section. Consequently, the internal lever arm and hence 




the moment capacity will be reduced. These effects are fully captured by the 
tangent stiffness method but ignored in the isotherm method, which is 
unconservative as a result. In hogging, however, the effect described is largely 
cancelled out by the fact that the heated section soffit has been effectively 
removed in the isotherm method due to its high temperature. The removal of 
this area and its corresponding contribution to the total bending moment 
largely cancels out the overestimation caused by the inappropriate maximum 
strain assumptions. The above considerations highlight how the isotherm 
method has certain assumptions that inevitably will lead to unconservative 
predictions for some strain-curvature combinations, as demonstrated above. 
However, there are aspects of the underlying stress-block method that 
produce further inaccuracies. 
 
The dimensions of the stress block used in this method are determined by the 
parameters λ and η as shown in Figure 4-1. These in turn are specified to 
ensure that under pure bending at ambient temperature the stress-block 
applies a force of the same magnitude and with the same lever-arm about the 
neutral axis as would occur if a full material stress-strain curve were used in 
an analysis. For a concrete strength of 50MPa or less, values of λ and η are 
given as 0.8, and 1.0 respectively in Eurocode 2. Under accidental loading 
(fire) conditions, the value of γM for concrete in Eurocode 2 is modified from 
1.5 to 1.0 thus meaning any section analysis undertaken using the isotherm 
method has effectively no material safety factor and relies only on the values 
of λ and η. These simplified terms cannot accurately represent both the 
correct stresses and the appropriate lever arms which result from the true 
concrete stress-strain curve under any but the simplest load cases. This is 




particularly the case when the neutral axis is not in the section, and the 
stress block acts over the whole section. Although an accurate prediction of 
the pure axial capacity can be obtained (because η = 1, and the value of λ is 
irrelevant) this study shows that this method produces inaccurate and 
unconservative results when bending moments are present. 
 
Given the interdependence of these safety factors for obtaining a conservative 
design at high temperature, it is of interest to examine the effect of arbitrary 
modifications of the stress-block. Modification of either η to 0.8, or γc to 1.2, 
allow a conservative result to be obtained for the ambient case (Figure 4-9a). 
However, this is an inefficient approach as in both of these cases the 
maximum axial capacity is significantly underestimated. Furthermore, neither 
of these modifications is sufficient to ensure that the entire interaction 
envelope of the isotherm method was within the failure surface given by the 
tangent stiffness method for the heated (120min) case. Further modification 
of the material partial safety factors to the ambient temperature design 
values (1.15 and 1.5 for steel and concrete respectively) in the heated case 
reveals that the predictions of moment capacity remain unconservative 
(Figure 4-9b). The overestimation caused by the stress block technique can 
be further analysed by applying the isotherm technique with a full concrete 
stress-strain relationship Figure 4-9b. This modification, however, is not 
sufficient to allow for a fully conservative capacity assessment. 
 






Figure 4-9. a) Different individual safety factors; b) Equivalent capacities for the tangent 
method, stress block method, full stress-strain curve method, design safety 
factors, and with a reduced stress block. 
 
The variation of parameters and techniques in the manner described above 
allows the source of the unconservatism in the heated sections to be more 
closely analysed. It is possible to obtain a more conservative result by 
modification of the stress block. However, despite modification of the partial 
safety factors, the permissible sagging moment in the heated section (as 
predicted by the isotherm method) remained significantly unconservative. 
The sagging overestimation is specifically caused by the difference in the 
location of the neutral axis between the two methods. The lower neutral axis 
in the heated section causes a lower moment to be generated than in the 
ambient, reduced area, section. The adoption of a more realistic stress-strain 
curve for the ambient concrete, does not give a conservative result. It is 
therefore concluded that the unconservatism in the predicted capacities is 
caused more by the assumption of ambient concrete behaviour inherent in the 
isotherm method, rather than because of the use of the stress block 
technique. Another cut-off value such as 400˚C or 300˚C would, inevitably, 




give a more conservative answer. However, this would not solve the 
underlying problem with the cool concrete assumption. 
4.5. CONCLUSIONS 
Several conclusions can be drawn from this chapter: 
• The failure surfaces of ambient and heated reinforced concrete sections 
can be found rapidly and accurately by locating singularities in the 
sectional tangent modulus matrix. 
•  The 500˚C isotherm method is unconservative in predicting the 
failure surface of a heated section due to the stress block method (see 
above) and the assumption of uniform temperature in the concrete. 
• Biaxial failure surfaces for ambient and heated reinforced concrete 
sections can be clearly represented on a single diagram. 
• When all the partial safety factors are removed, the stress block 
method is unconservative in predicting the failure surface of a section 





The previous chapters have focused on the localized behaviour of concrete; 
either the constitutive behaviour or elemental sectional analysis. It is clear, 
however, that an understanding of a structure’s behaviour during a fire is 
only possible if the whole structural frame is considered. The design of 
structures in fire relies on knowledge of the loads applied to a structure and 
the capacity of the structure to resist them. Current methods of fire design 
often use simple measures – such as those described in chapter two – to 
define structural performance. Though useful, these measures do not allow 
the designer to fully comprehend the state of a structure; rather, they offer 
localized snapshots of particular phenomena. This chapter presents a 
methodology for combining temperature dependent sectional assessment with 
finite-element structural analysis techniques. The approach allows the 




identification of vulnerable structural elements; the quantification of member 
utilization throughout the structure; and comparison of structural 
performance between different fires. The technique is demonstrated on a 
concrete frame subject to three design fires, and the impact of vertically 
differential column heating is investigated. It is concluded that the 
methodology presented offers an effective approach for analysing structures 
subject to different fires that is much more rational than existing techniques. 
The sectional analysis technique presented in the previous chapter is used, 
and a simplified approach to shear assessment is adopted. 
5.1. INTRODUCTION 
In recent years there has been a large amount of research on the behaviour of 
concrete structures in fire. This work has ranged from examining single 
members [99] or slabs [114] to large frames or assemblies [9,12]. Modelling 
techniques have been developed and validated [50,75,84,142] to allow 
researchers to gain insight into structural phenomena that experimental 
techniques alone would not provide. These techniques have also allowed 
design engineers to begin to predict the behaviour of structures in fire. As 
computer processing power has grown, it has become possible to model larger 
assemblies of elements [15,118]. However, as modelling has become more 
advanced, and structures more complex, the measures used to gauge 
structural performance have remained unchanged [27,32]. The result is that 
very complex numerical models with hundreds of thousands of degrees of 
freedom are used to represent a structure, but assessments of the structure 
and definitions of structural failure in fire remain based on criteria developed 
for very simple structural systems, such as single elements tested in furnaces. 
 




As discussed in chapter two, the problem of the definition of failure is not a 
new one [8]. When a structural element is no longer able to resist the applied 
force and collapses, it can clearly be said to have failed. However, the failure 
of one element within a redundant structure does not imply failure of the 
entire structure at the fire limit state. Despite this, standard definitions of 
failure are element based, and include limits on deflections, rates of deflection 
[27], mechanical strain [57] and temperature [98]. Each of these is a 
reasonable definition for failure of an individual, statically-determinate 
structural element but it is not clear that they are suitable for an entire 
structure in fire, which will typically be highly redundant. Moreover, if these 
traditional measures are used, it is difficult to quantify the degree to which 
an entire structure is at risk of collapse. Comparisons between the different 
failure definitions is also problematic; it is hard to know for example whether 
a structure that exceeds a strain-based failure criterion is more at risk of 
collapse than one which exceeds a runaway deflection-based criterion.  
 
Where numerical structural modelling takes place, much more detailed 
information is available that can give a fuller picture of structural behaviour. 
This chapter demonstrates how it is possible to use the huge amount of 
information available from advanced finite-element analyses in conjunction 
with cross-sectional analyses of every part of the heated and unheated 
structure to give a quantitative assessment of how highly utilized is a whole 
structure, or any part of it, throughout a design fire. The chapter focuses 
specifically on the assessment of the columns in a concrete frame, although 
the techniques presented could be used in the assessment of many types of 
structure.  




This chapter is split into several sections: firstly, current assessment 
techniques are reviewed and a new methodology is outlined. Next, the 
method is demonstrated on a single column within a structure before being 
applied to a full structural model. Finally, the method is used to compare the 
effect of different fires and heating regimes on the structure and it is shown 
that the changes in structural behaviour that result are much more apparent 
than when traditional methods of assessing structural distress under fire are 
used. The techniques developed in this chapter are applied extensively in 
chapter seven. 
5.2. ASSESSMENT METHODS 
Assessment of fire-affected structures is needed both during real fire tests on 
structural elements, and on models which have been developed to predict 
structural behaviour for design.  
5.2.1. Single Parameter Assessment 
The single parameter assessments that are typically used are: rebar 
temperature; deflection; rate of deflection; and strain in the tension rebar 
[27,32,57,98]. It was recognized in chapter two that though these measures 
can be used for comparative assessment, it is impossible to obtain a 
quantification of how heavily utilised, or how close it is to failure the 
structure is. Another technique must be sought. 
5.2.2. Sectional Assessment 
Another tool for assessing structural members is sectional analysis. This was 
discussed in detail in chapter 4, so will not be described again here. Chapter 
4 dealt with the capacity calculation of a single section. This makes it 
possible for the designer to check that a heated section – with reduced 




capacity – is able to resist the axial forces and moments which are applied 
during a fire scenario. However, as the history of structural fire engineering 
has shown, the calculation of the applied loading during a fire can be highly 
complex; it is not as simple as applying a reduction factor to the ambient 
design loading [53]. As a structure is heated, the thermal expansions can 
induce higher moments and axial forces throughout the structure. These 
additional forces can be calculated analytically [130,156], or can be calculated 
using finite-element analysis [17,118,151,157]. Chapter four developed a 
method for efficiently assessing the ultimate sectional capacity of a heated 
member [103]. However, the technique was presented in isolation without 
reference to loading; in this chapter, sectional analysis is used throughout to 
assess the degree of member utilization and characterise the utilization of the 
whole structure. 
5.2.3. Combined Approach 
The methodology presented in this chapter combines the use of sectional 
analysis with finite-element analysis. Previous work has used interaction 
diagrams and structural analysis to calculate a member’s load ratio at any 
time during a fire [69,70], but the technique has not been fully explored with 
work generally focusing on the assessment of a single member [46]. However, 
there is no limit on the number of sections that can be assessed. This chapter 
applies load ratio analysis to the full structural frame.  
 
The structure’s loading through time is calculated from a finite-element 
analysis and each section’s capacity (as affected by temperature and loading) 
is calculated using sectional analysis. Every part of the structure is 




considered and the load ratio for each section is assessed. A similar but 
simplified process is conducted for the shear loads in the structure. By 
presenting the results in various ways, it is possible to identify how close to 
failure each section is, how seriously affected a structure is by fire in an 
overall sense; and to compare how the structural response varies between 
fires. The combination of the finite-element method with capacity analysis 
allows this approach to make use of the phenomenal amount of data that can 
be generated by finite-element analysis. It is also a useful tool for comparing 
differences between different design fires and different designs, and is 
considerably more thorough than the single measures described above. 
5.3. APPLICATION OF THE METHOD 
5.3.1. Example Structure 
To enable the methodology outlined above to be demonstrated, the technique 
was applied to a typical concrete structure. A nine storey, flat-slab concrete 
frame was designed in accordance with the Eurocodes [53-55]. A plan and 
elevation for the structure are shown in Figure 5-1. The floor slabs were 
200mm thick; the interior columns were 400x400mm; and the exterior 
columns were 300x300mm. The design strength of the concrete in the 
columns was 48MPa, and that in the slabs 40MPa.  
 
For the purposes of this thesis, the fires were restricted to fourth floor 
burning. As such, it was possible to create a finite-element model of the 
central floors of the structure. The finite-element model used throughout the 
remainder of this thesis extended from the base of the columns at the third-
storey level, to the top of the columns at the fifth-storey level. The slab was 




modelled using shell elements, and the columns were modelled using three-
dimensional solid elements. The rebar were modelled using truss elements.  
 
Two finite-element models were created using the commercially available 
software, Abaqus [1]. A heat transfer model was created to predict the 
concrete temperatures. The thermal properties were in accordance with those 
of a 1.5% moisture content concrete, as defined in Eurocode 2 [55]. The gas 
temperatures defined for the fire were applied to the structure by radiation 
and convection to the surface of the concrete. An emissivity of 0.7 and a 
convective coefficient of 25W/m2K were assumed. 
  
Figure 5-1. Plan and elevation of concrete structure, dimensions in metres.  
 
For the mechanical analysis, all of the material properties used in the model 
were temperature dependent and in accordance with EC2. The degradation of 
stiffness and strength as defined in the Eurocode are given in Figure 5-2. It 
should be noted that there was no recovery of concrete strength on cooling. 
This functionality was not available as part of the Abaqus software and was 




achieved through the creation of a user defined subroutine (appendix V). The 
yield criterion used for the concrete was the “damaged plasticity”  model, 
based on the work of Lubliner [115]. This approach uses fracture energy to 
model the tension behaviour in the concrete. A sensitivity study was 
conducted to analyse the impact of using different fracture energies on the 
global behaviour of the structure. It was found that the use of an artificially 
high fracture energy made the numerical modelling more stable. The effect of 
this on the global trends and deflections in the model was minimal: 3.9% in 
the case of the columns, and less than 2% in the case of the slabs. It was 
decided, therefore, that the use of fracture energy of 1085N/m in the slab, 
and ductile tensile behaviour in the columns were acceptable in this study as 
they did not have a significant impact on the behaviour. A series of mesh 
sensitivity studies were also conducted to find the optimum mesh density. 
The final mesh density used was 8×8×18 elements per floor per column, and 
an average element size of 0.4735m in the slab. Figure 5-3 shows the final 
model that was used in the finite-element study under ambient loading 
conditions. Full details of the sensitivity studies are presented in appendix II. 
It should be noted that the interface of the shell element in the slab and solid 
elements in the column, though unconventional, was effective at transferring 
bending into the column. This was achieved by refining the shell mesh such 
that rotation was transferred through the combined action of multiple 
translational degrees of freedom. The effectiveness of this system can be seen 
from both the analysis of longitudinal column stress (Figure 5-3), and 
analysis of the column bending moments. 































Figure 5-2. Degredation of strength and stiffness as temperature increases [55]. 
 
The base of each column was assumed to be fixed in translation and rotation, 
and the top of each of the columns was fixed in all directions other than the 
vertical. As the higher storeys of the structure were not modelled, the 
equivalent loads that would have been transferred into the column heads 
were calculated using a full-frame elastic model and applied to the remaining 
structure during the loading phase of the analysis. The central core of the 
building was not modelled discretely but was assumed to provide rigid 




Figure 5-3. The complete finite-element model: a) whole assembly deflection under 
ambient loading; b) principle stress detail of the slab/column interface. 




5.3.1.1. Assessment of M-N capacity of a Single Column 
Initially the structure was analysed when subject to a Standard Fire. Using 
the results from the finite-element analyses, nodal coordinates and 
corresponding stresses were reported for every node of interest. From this it 
was possible to calculate the bending moments and in turn, derive the shear 
forces. This process was conducted throughout the height of every column for 
each time-step of the analysis. All of the data processing, sectional analysis, 
and subsequent calculations to do this were performed using the 
commercially available software, MATLab [116].   
 
a) b) c) 
Figure 5-4. a) the moment distribution in column C2 due to the Standard Fire; b) the 
changing capacity of the heated column with the loading path associated with 
height=19.0m; c) the ambient capacity of the upper column, with the loading 
path associated with height=22.8m. 
 
The results of the above process are presented for column C2 first because 
the forces that developed were significant, but also because the column 
loading was symmetrical in one direction, this meant all moments and shear 
forces developed about one axis and are therefore simple to display on a 
single graph. Figure 5-4a shows the moment in column C2 after one and two 




hours of exposure to the Standard Fire. From this distribution, it is possible 
to plot the load path of different parts of the column with respect to local 
capacity of the column. The change in axial/moment capacity of the heated 
part of the column due to material degradation was calculated using sectional 
analysis [103] and is shown in Figure 5-4b. Also plotted is the loading path at 
the top of the heated column (marked H on the bending moment diagram) as 
calculated from the full-frame finite-element model. Figure 5-4c presents the 
axial/moment capacity and corresponding loading path at the top of the 
unheated column (marked U on the bending moment diagram) as the fire 
progresses.  
 
From these results, it is possible to create a utilization rating for each part of 
the column. In this context, a utilization factor is defined as the inverse of a 
safety factor; if a column is carrying half of its maximum axial load, the 
safety factor would be two, and the utilization factor 0.5. A completely 
unloaded column would have a utilization rating of 0.0, and a column which 
was on the brink of failure would have a rating of 1.0. For the case of Figure 
5-4b, after two hours the section utilization rating is 0.48. The loading path 
and associated capacity shown in Figure 5-4c give a utilization factor of 0.53 
after two hours.  
5.3.1.2. Assessment of All Columns 
Although both of the sections analysed above remained well below their 
maximum utilization, it is possible to extend the analysis to include all 
columns in the building. The maximum utilization factor in each column can 
be identified, and its height and time of occurrence can be noted. By 
following this process, it is possible to analyse the whole structure to show 




the total degree of utilization. Over the duration of the fire exposure, the 
loading and the capacities of the columns constantly change. The change in 
moments over the course of the 2 hour standard fire is shown in figure Figure 
5-5. Appendix II shows similar plots for axial force, shear force, shear 
magnitude, and biaxial bending. 





Figure 5-5. Bending moment distribution in each column as the analysis progresses. 
Core 




zFrom calculating the loading factors from the data presented in Figure 5-5 
and appendix II each column can be characterized. Figure 5-6a shows the 
percentage of columns that are at, or below, a certain utilization factor for 
different times during the fire. It shows that at ambient temperature 50% of 
columns are below 30% utilization; in contrast, after 2hrs, only 6% of 
columns are below 50% utilized. Lines on the far left of this figure represent a 
structure and loading arrangement that is at low utilization. As the line 
moves further to the right, utilization of the structure increases. 
  
a)  b)  
Figure 5-6. a) The overall utilization of the columns when the structure is subject to a 
Standard Fire; b) The loading paths of the most utilized columns in terms of 
biaxial moment compared to the capacity at the relevant axial force. 
 
Figure 5-6b shows the loading paths – in terms of biaxial moment – of the 
four most heavily utilized columns during the development of the fire. After 
two hours these columns were 85% utilized. It should be noted that, as with 
column C2, these maximum moments occurred in the upper (unheated) 
section of column. In 79% of the columns, the most utilized section was in the 




upper (unheated) column; only in some of the edge columns did the highest 
section utilization occur in the heated region of the column.  
5.3.1.3. Shear Capacity 
Shear failure is often the cause of failure in concrete columns. For the above 
method to be representative of the true utilization of the columns, therefore, 
there must be some consideration of the shear capacity. For this work, a 
simplified approach is adopted based on the “truss analogy”  shear capacity of 






where As is the area of shear reinforcement, z is the lever arm, fy is the steel 
strength, and s is the spacing of the shear links. The angle θ represents the 
angle of inclination of the concrete strut; a conservative value is 45˚. By 
taking the maximum steel temperature at any point in the shear link, it is 
possible to provide a conservative estimate of the section’s shear capacity 
using this approach. Though this method lacks the subtlety of the bending 
capacity calculations above, it is a useful starting point for considering shear 
utilization 
 
Figure 5-7a shows the distribution of shear force in column C2 as a two hour 
Standard Fire progresses. The capacities of the columns were calculated using 
the above formula and the appropriate ultimate steel stress based on 
temperature. It can be seen that at ambient temperature 50% of the columns 
were below 26% utilization. As with the moment/axial utilization factor, a 
line further to the right represents a more highly utilized section. After two 




hours, the introduction of high temperatures led to a significant increase in 
the utilization such that only 5% of columns were less than 50% utilized. 
Unlike the moment/axial analysis, the utilization of some of the columns is 
greater than one. If the capacity analysis from the Eurocode is taken to 
represent the actual capacity then this would imply that the column would 
have failed. The finite-element model, however, did not display any evidence 
of failure by this mode.  
  
a) b) 
Figure 5-7. a) Column shear force induced by Standard Fire; b) Normalized cumulative 
utilization frequency of whole structure. 
 
A loading larger than that of the sectional shear capacity is a manifestation 
of the inherent conservatisms built into the assumptions in the Eurocode 
method. Adjustment of the compression strut angle, θ, increases the sectional 
capacity sufficiently to support all the measured forces. The presence of such 
large shear forces in the model is not, therefore, inconsistent with the 
theoretical capacity of the section; rather, they represent the finite-element 
model’s ability to exploit the full shear capacity of the section. The sections 




which experienced the highest utilization would experience the highest 
utilization irrespective of the assumptions made regarding strut angle. In 
contrast to the calculations for moment and axial force capacity, where 1.0 
represented the actual limit of the structural capacity, the shear calculation 
represented degree of structural distress relative to a conservative capacity 
estimate. 
 
As with the moment/axial utilization, it was also found that most of the 
columns which recorded the highest shear utilization did so by the largest 
amount in the upper (unheated) portion of the column.  
5.3.2. Different Scenarios 
The previous section presented a robust method of analysing heated 
structures that has the advantage of assessing the entire structure, rather 
than focussing on the effect of a single measurement such as strain or 
deflection. A further strength of the assessment technique presented above is 
that they can be used to assess the relative impact of different fires on the 
structure and to identify how the mechanics of a structure varies in response 
to different fires. 
5.3.2.1. Three Different Fires 
The concrete frame was re-analysed when subject to three fires; a two hour 
Standard Fire (as above), a “short hot”  parametric fire, and a “ long cool” 
parametric fire. The “short hot”  fire had a peak temperature of 989˚C and a 
total duration of 37 minutes; the “ long cool”  fire had a peak of 915˚C and a 
duration of 145 minutes. The degree of column utilisation for each case is 
shown in Figure 5-8. It is clear that the “short hot”  fire can be considered the 




least severe as the utilization of the columns is less for both shear and 
axial/moment. In terms of axial/moment, the Standard Fire is most severe, 
while both the “ long cool”  fire and the Standard fire show a similar level of 
utilization in terms of shear. It should be noted that, to avoid confusion, the 
shear utilization results were normalized with respect to the maximum value 
obtained for all the analyses in this chapter.  
 
Figure 5-8. a) Maximum shear utilization under the three fire cases; b) Maximum 
moment/axial utilization under the three fire cases. 
 
The similarities and differences between the fires are also notable: Table 5-1 
presents information about column utilization for the different fire cases. For 
the Standard Fire, D2 and D6 were the most utilized columns; 79% of the 
columns were most utilized in their upper (unheated) lengths; the mean 
maximum utilization factor ( x ) was 0.73; 75% of the columns were less than 
76% utilized; and 95% of the columns were less than 85% utilized. The same 
breakdown of data is given for the shear force analyses. It should be noted 
that though the model is symmetrical, minor differences in the mesh, and 




rounding errors caused slight differences to the utilization factors for 
different, but symmetric, columns. This effect can be observed in the most 
utilized columns for the Standard Fire: columns D2 and D6 are rated highest 
for moment/axial and B2 and B6 are rated highest for shear. In both these 
cases, the differences between the two columns’  rating is less than 0.3%. The 
next most utilized columns in both cases are the symmetric pair; Figure 5-9 
illustrates the degree of symmetry between different columns on opposing 
sides of the structure.  
Table 5-1 Summary of data from the different fires – see text for detail of the various 
columns. 
 Moment/Axial Shear 
 1st 2nd Up x  75
th 95th 1st 2nd Up x  75
th 95th 
Standard D2 D6 79% 0.73 0.76 0.85 B2 B6 82% 0.45 0.54 0.71 
Short Hot A2 A6 91% 0.49 0.58 0.66 B4 D4 88% 0.28 0.38 0.45 
Long Cool D2 B6 59% 0.52 0.60 0.73 B2 B6 88% 0.38 0.56 0.72 
 
For the three fires above, the longer two fires both gave the same four most 
critical columns. These were the highest axially loaded columns, and also 
experienced the highest moment development as illustrated in Figure 5-9a. In 
both cases the highest utilization occurred in the upper, cool, column. The 
most utilized columns during the “short hot”  fire were different for the 
moment/axial and the shear rating. It was found that the moment rating was 
highest in the unheated part of edge column A2 and its symmetric pairs. This 
was not because the column was loaded significantly more than for the other 
fires, but rather because the other columns were loaded less due to the 
reduced thermal expansion caused by the shorter fire. This is illustrated in 








Figure 5-9. a) The ambient capacity and loading paths of a symmetric set of internal 
columns for two different fires; b) The ambient capacity and loading paths for 
a symmetric set of edge columns. 
 
The mean utilization and the 75th and 95th percentiles given in Table 5-1 are 
useful measures for quantifying how the different fires affect the structure. 
For example, the mean gives a broad indication of how well utilized the 
structure is (the “short hot”  was the least and the Standard Fire was the 
most). However, it hides the detail of the most heavily loaded members; the 
ninety-fifth percentile gives a good indication of how heavily loaded the most 
critical members are. 
5.3.2.2. Partial Column Heating 
The analyses above have consistently shown that the maximum utilizations 
tended to occur in the upper (unheated) part of the column. The cause of 




this was that the heated, lower, columns had much lower stiffnesses than the 
unheated, upper, columns. This induced a load shedding mechanism whereby 
more of the load was borne by the upper columns. The physicality of the 
shedding mechanism was verified using a simplified analytical column. 
 
A simple two degree of freedom stiffness matrix was created to analyse the 
behaviour of two columns with different stiffness (Figure 5-10a). From the 
column temperature data it was calculated that the unloaded bending 
stiffness of the heated column, C2, after two hours of Standard Fire exposure 
was 12% of its original bending stiffness. The horizontal load transferred into 
the column due to the slab’s expansion was calculated from the shear data in 
the finite-element model, and was applied to the arrangement shown in 
Figure 5-10a. The bending moment and shear distribution were calculated 
and are shown in Figure 5-10b and c. The results show that the finite-
element model is in good agreement with the analytical solution in terms of 
the distribution of moments along the length of the column. The values 
obtained are also similar with the maximum moment 15% larger in the finite-
element analysis and very good agreement over the heated length of the 
column. 
 
The identification of this load shedding mechanism leads directly to the 
question of how changes in the lower column stiffness affect the distribution 
of loads. Traditional furnace tests and standard fires typically assume a 
uniform heat distribution both horizontally and vertically throughout the 
compartment. Recently, the assumption of horizontal uniformity has been 




questioned [147], and some authors have investigated the effect of non-
uniform fires on structures [20]. However, in the context of the effect of 




a) b) c) 
Figure 5-10. a) Analytical model setup; b) Bending moment diagrams from analytical and 
finite-element model; c) Shear force diagrams for analytical and finite-element 
models. 
 
In a fire scenario, a structure is mostly heated by the hot smoke layer. This 
layer is in the top region of a fire compartment [44]; experiments have shown 
that the lower regions of a compartment are relatively unaffected by a fire. 
Since the overall stiffness of a column is determined by the sectional stiffness 
and the length over which it is present, a partially heated column would have 
a different net stiffness and, therefore, a different distribution of shear and 
moment. 




To investigate the impact of partial column heating on the load shedding 
mechanism identified in the previous section, another simple analytical 
analysis was conducted. A four degree of freedom stiffness matrix was created 
in the same arrangement as Figure 5-10a. The lower column, however, was 
allocated two stiffnesses: the ambient stiffness in the lower half; and the 
reduced, heated, stiffness in the upper half. The results and their comparison 
with ambient and whole column heating distributions are also shown in 
Figure 5-10a and b. It can be clearly seen that the shear force is much more 
evenly distributed between the two columns when only the upper half of the 
column is heated. The maximum moment achieved in both upper and lower 
columns is also similar. Also shown in Figure 5-10 are the moments and shear 
forces calculated from the finite-element analysis of the concrete frame when 
only the top half of the lower column was heated. It can be seen that the 
analytical results and the finite-element results are in good agreement in 
terms of the maximum shears (a 4% and 6% difference in the lower and 
upper column respectively). The trend shown in the moment distribution is 
also very similar; however, the difference between the results is slightly larger 
in the upper column with a 10% difference in maximum moments. 
 
The influence of the change of heating distribution had a big impact on the 
amount of load shedding that occurred. Larger moments and shears were 
induced in the lower column (Fig 7). The overall impact of the differential 
heating can be studied further by the application of the assessment method 
described above. The finite-element model was rerun with the three fires 
described in the previous section; however, now only the upper halves of the 




columns in the fire compartment were exposed to the elevated temperatures. 
Table 5-2 presents a summary of these results. 
Table 5-2. Summary of data from the partial column heating 
 Moment/Axial Shear 
 1st 2nd Up x  75




E6 A2 41% 0.75 0.81 0.86 D2 B2 29% 0.63 0.69 0.99 
Short Hot 
(half) 
A2 E6 38% 0.55 0.59 0.62 B4 D4 88% 0.29 0.35 0.50 
Long Cool 
(half) 
E6 A2 41% 0.72 0.78 0.81 D2 B2 68% 0.46 0.59 0.75 
 
In the case of the Standard Fire, although there was not a significant impact 
on mean degree of structural utilization (75% as opposed to 73% with the 
whole column heated), there was a significant shift in the location of failure. 
When the whole column was heated, 79% and 82% of the most critical 
ratings occurred in the upper column for moment/axial and shear 
respectively; when only the upper half of the column was heated, only 41% 
and 44% of the most critical ratings occurred in the upper column for 
moment/axial and shear respectively. 
 
The trends that were observed during the half column heating cases were 
similar to those observed during the whole column heating cases. However, 
there were significant differences. These were particularly evident when the 
structure was subject to the Standard Fire. For example, mean shear 
utilization was 40% higher during the half-column heating scenario, and the 
axial/moment utilization was also increased though to a lesser degree (3%). 




Another significant change between the two Standard Fire cases was the 
most common location of failure. For both moment/axial utilization and the 
shear utilization, the most common location of failure changed from the 
upper to the lower column. This change was caused by the reduction in the 
amount of load shedding when only half of the column was heated. 
 
Figure 5-11. Utilization rates due to partial column heating 
 
Both the parametric fires showed similar trends in the moment/axial 
utilization. There was also a shift in the location of maximum utilization as 
most highly utilized sections were in the lower column rather than the upper 
column. The mean utilization rates were also higher in both cases. It should 
be noted that in contrast to the axial/moment behaviour, the changes in the 
patterns of shear utilization were not significant. The main reason for this 
was that these fires were not long enough to cause a significant change in the 
in temperature of the steel and the associated effect on the shear capacity. 
However, there was still a small degree of load shedding due to the very hot 
peripheral concrete. By the time the steel had begun to heat up significantly, 




the large shear forces had already begun to decrease as the fire was over. This 
caused slightly higher shears to occur in the upper columns, without 
degradation in the shear capacity. Thus, the regions of highest utilization 
were largely in the upper column. 
5.4. DISCUSSION AND CONCLUSIONS 
The previous sections have presented a thorough method of assessing a 
structure during a fire. Though the technique is presented with reference to 
the columns in a concrete frame, the principles of sectional utilization can be 
applied to many types of construction.  
 
The main conclusion from this work is that the results of finite-element 
analyses can be used to extract far more detailed and useful information 
about the state of a fire-loaded structure than is often done when traditional 
“ failure”  measures are adopted. Specific information regarding the most 
critical members in a structure subject to fire loading is available. It is also 
possible to obtain more general information about the effect on a structure of 
a fire by combining information about the utilization of many cross-sections 
through time as fire loading progresses.  
 
A second key conclusion is that the method presented allows comparison of 
the effects of different design fires to be made. Conventional methods of 
assessing structures in fire, as described in the introduction, do not readily 
lend themselves to meaningful comparisons between the effects of different 
design fires because it is difficult to separate the effect of the section’s 
loading, from the section’s capacity, from the fire’s duration, and to make a 




direct comparison. The method presented here allows a meaningful 
comparison to be made as the effects of changing load and capacity with time 
are fully accounted for. The fact that the areas in which the structure is 
highly utilized are clearly identified is a further benefit that in turn allows an 
understanding of how the structural behaviour changes with various design 
fires. For example, this work has demonstrated that significant variations in 
column utilization occur due to different fires and to localized heating of 
columns. The increased stiffness of the heated columns due to the half-
heating scenario caused the locations of the most utilized sections to migrate 
from being predominantly in the upper (unheated) column, to the heated 
part of the lower column. Changes in structural behaviour such as this would 
not be apparent using traditional failure measures for heated structures and 
it would thus not be possible to determine effects of changing a design fire. 
 
The information about the degree of structural utilization is flexible and 
could be used in many different ways. Different percentiles could be used to 
indicate the utilization of the whole structure, or to quantify specifically the 
distress in the most heavily loaded members. The facility of this method to 
compare the degree of column utilization between different scenarios is 
particularly useful. 
  
In conclusion, methods of structural fire analysis are frequently highly 
complex, while the techniques currently used to measure structural 
performance are often arbitrary and basic. This chapter presents a 
methodology that attempts to redress the mismatch between the complexities 






The previous chapter demonstrated how the mismatch between the complex 
finite-element tools and the measures used to assess them can be addressed. 
This chapter addresses another mismatch: that of the difference between the 
definition of a fire in a building and the techniques used to model the 
structure’s response. When fires occur in real buildings, they rarely burn 
uniformly across the entire floorplate of the structure. They tend to travel, 
igniting fuel in their path and exhausting it before they move away. Current 
structural design approaches do not reflect this. This chapter presents a new 
methodology for defining a design fire and creates a number of different 
“travelling fires” . The finite-element model of a generic concrete structure 
from the previous chapter is used to study the impact of each fire; both 
relative to one another, and when compared with the conventional codified 




temperature-time curves. To avoid confusion the simpler, more conventional, 
methods of assessing the structure are used as the structural metrics. The use 
of the more advanced analyses presented in chapter five to assess these 
different fires is explored in chapter seven. 
 
This chapter demonstrates that, in terms of the structural metrics used, 
travelling fires have a significant impact on the performance of structures and 
that the current approaches cannot be assumed to be conservative. Further, 
it is found that fires of a medium duration which burn approximately 25% of 
the floorplate at any one time are the most severe. It is concluded that the 
new approach is simple to implement; provides realistic fire scenarios; and is 
more conservative than current methods. 
6.1. INTRODUCTION 
Chapter two recognised that since the early 20th century, standard testing has 
been used all over the world to give fire ratings to different structural 
assemblies [8]. The standard fire temperature-time curve [6,27] was created in 
an attempt to regulate testing between different laboratories thereby ensuring 
a uniform standard of safety. However, almost as soon as it was conceived, a 
number of problems were identified with it. Though these problems have 
remained, standard testing has proved a useful and universal tool for 
assembly classification. Since the inception of the Standard Fire, a number of 
other temperature-time curves have been proposed and introduced. Initially 
based on work by Pettersson, these curves have been modified and are 
typically referred to as the parametric fires [44]. They allow a range of 
possible curves to be calculated from the fuel load and ventilation conditions 
in a compartment [53]. The parametric fires represent a more realistic fire 




scenario than the standard fire, as they assume burn-out of the available fuel 
and can be roughly replicated by wooden cribs in a small fire compartment. 
This approach has been used for a number of “natural fire” tests on different 
structural assemblies and the concept of “ fire severity”  has been applied to 
find an equivalent rating under the standard fire [111].  
 
An assumption that has remained unquestioned with each of these 
temperature-time curves has been that of uniform compartment temperature. 
It is assumed that every part of a structural element or compartment is 
uniformly subject to the same temperature – as defined by the temperature-
time curve. Although it may be possible to replicate these conditions in a 
furnace, recent major fires at the Windsor Tower [62], World Trade Centers 
[68,123] and TU-delft [168] have clearly demonstrated that building fires 
typically burn non-uniformly. They have shown that fires tend to move 
around buildings in a manner determined by the available fuel, ventilation 
and building geometry. In addition, tests have shown that there is a high 
degree of temperature variation even within small compartments [2,146,159].  
 
Chapter two demonstrates that as our understanding of how structures 
respond to fire has developed, it has been increasingly acknowledged that 
structural elements cannot be treated in isolation; to understand how a 
structure behaves in a fire, whole frame effects must be considered. This 
approach has led to the development of rational design tools which have 
allowed designers to exploit more of the redundancies available in structural 
assemblies. Complex finite-element modelling techniques are also available 




which allow designers to model full structural frames and their response to 
high temperature; this performance-based approach allows engineers to 
identify the most vulnerable regions of the structure and modify the design 
accordingly. 
 
When the fire design of a structure was based on the furnace testing of a 
single element, both the structural member and the temperature-time curve 
were gross simplifications of reality. In recent years the representation of 
structure, though not perfect, has become much more realistic; design fires, 
however, have remained unchanged. Without a more realistic representation 
of the fire to which a structure is subject, engineers will never be able to 
understand how a structure would respond to a real fire. It is difficult to 
justify continuing to develop more realistic structural models when one of the 
dominating input parameters – temperature – remains very crude. Without 
some development of the available design fires, it will be impossible to obtain 
the “consistent level of crudeness”  which has been identified as a need within 
the discipline [28]. 
 
This chapter presents and implements a new methodology for defining design 
fires. The new approach is based on fire dynamics, and allows for the 
development of different temperatures in different parts of fire compartment 
– the key phenomenon missing from existing models. Fundamental to the 
new approach is the idea of the travelling fire that has been observed in 
recent case studies. The approach has been developed by researchers at the 
University of Edinburgh [147,148] and its influence on structures has begun 




to be studied [88,133]. This chapter applies the new methodology to the 
previously developed large scale finite-element model and the effects of 
different fires are analysed using a variety of structural measures.  
6.2. LIMITATIONS OF CURRENT DESIGN FIRES 
The current parametric and standard fires are based on the extrapolation of 
existing fire test data, which stems from tests performed in small 
compartments that are almost cubic in nature. This test geometry allows for 
good mixing of the fire gases and thus for a uniform temperature distribution 
throughout the compartment. While both of these methods have great merits 
and represented breakthroughs in the discipline at their times of adoption, 
they have inherent limitations with regards to their range of applicability 
[132,147,148]. 
 
For example, Eurocode 1 states that the design equations are only valid for 
compartments with floor areas up to 500m2 and heights up to 4m, the 
enclosure must have no openings through the ceiling, and the compartment 
linings are also restricted to a thermal inertia between 1000 and 2200 
J/m2s½K, which means that highly conductive linings such as glass facades 
and highly insulating materials cannot be taken into account. As a result, 
common features in modern construction like large enclosures, high ceilings, 
atria, large open spaces, multiple floors connected by voids, and glass facades 
are excluded from the range of applicability of the current methodologies. 
These limitations, which are largely associated with the physical size and 
geometric features of the experimental compartments on which the methods 
are based, ought to be carefully considered when the methods are applied to 




an engineering design. This is particularly relevant given the large floor plates 
and complicated architecture of modern buildings. 
 
A recent survey of buildings in Edinburgh, UK [88] underlines the narrow 
design fire specifications in the Eurocodes. For buildings built over a long 
period of time starting in the early 20th century, 66% of their total volume 
falls within the limitations. However, in a newly constructed, modern 
building that has open spaces and glass facades, only 8% of the total volume 
is within the limitations. This suggests that modern building trends are 
moving out of the limits of current design practice. 
6.3. TRAVELLING FIRES 
In light of the various limitations outlined above, a new methodology based 
on the fundamental fire dynamics of the compartment has been proposed 
[104,146,147]. The new approach uses two different temperatures to represent 
the gas temperature in a compartment: a very high temperature in the region 
of the seat of the fire; and a cooler temperature for the rest of the 
compartment. The approach provides a flexible technique whereby the full 
range of possible fires can be represented. For example, a fire which engulfs 
the entire floorplate simultaneously can be represented. Likewise, a fire that 
travels slowly from one end of the compartment to the other can also be 
defined [96]. Rather than basing the type of fire on predicted factors such as 
glazing breakage, the burn area of the fire is directly specified by the design 
engineer. As such, different fires can be created without artificially 
manipulating the physical input parameters.  
6.3.1. Temperature Definition 




The new approach represents the temperature distribution on the ceiling of a 
fire compartment by means of “near-field”  and the “ far-field”  regions (Figure 
6-1). The near-field is the region directly above the seat of the fire; here it is 
typical for structural elements to be exposed to temperatures of 
approximately 1200˚C due to direct flame impingement [44]. The far-field 
represents the temperature of the hot gases as they move away from the seat 








38.5 &=− ∞  (1) 
 
where maxT  is the maximum temperature within the ceiling jet (K); ∞T  is the 
ambient temperature (K); Q& is the total heat release rate (kW); r  is the 
distance from the centre of the fire (m); and H is the floor to ceiling height 
(m). 
 
As the fire consumes the available fuel and ignites new material in its path, it 
moves around the floorplate. Consequently, the temperature for any one 
location is constantly changing according to Alpert’s distribution. To make 
the amount of information passed to the structural analysis managable, the 
monotonically decreasing far-field temperature distribution is reduced to a 
single, characteristic, temperature. This is calculated as the fourth-power 
average of the temperature as it changes over the distance between the end of 
the near-field and the end of the far-field, thereby weighting the temperature 




towards radiative heat transfer and giving worse case conditions. The total 
heat release rate required for Alpert’s formula is calculated directly from the 
heat release rate per unit area. Figure 6-1 demonstrates the concept of a 
near-field and a far-field for a travelling fire. Any single location is exposed to 
a pre-heating far-field temperature for a duration before the arrival of the 
flaming region. After the fuel has been consumed and the fire moves away, 
the region is then subject to the far-field temperature until all the fuel in the 
compartment has been consumed. 
 
a) b) 
Figure 6-1. a) Near-field and far-field temperatures induced by localized travelling fire; b) 
far-field and near-field exposure durations. 
6.3.2. Burn Area 
The flexibility of the method stems from the ability to directly define the 
size, shape, and path of the burn area. It is assumed that, once alight, any 
area of the floorplate will continue to burn at the same rate until all the fuel 
is consumed. The burn duration of any area can, therefore, be simply 
calculated from the total fuel load and the heat release rate. Once the fuel is 
Far-field (Tff) Near-field (Tnf) 
Tnf 
Tff 
















exhausted, the fire will move to a new area. The size of the burn area can 
range from 1% to 100% of the compartment.  
6.4. STRUCTURAL ASSESSMENT 
The methodology presented above can be used to study the impact of 
different travelling fires on the response of a structure. However, without a 
means to compare the structural response, it is impossible to drawn any 
conclusions. As discussed in previous chapters, there are many different 
methods of assessment available for fire-affected structures of varying degrees 
of complexity.  
 
The previous chapter developed a new methodology to assess structures when 
subject to fire. The author feels that to introduce this new analysis 
techniques at the same time as studying the effect of fires would over 
complicate and already difficult scenario. The response of the structure to the 
different travelling fires will, therefore, be split into two sections: the flexural 
assessment of the slab; and the more complex analysis of the columns. This 
chapter will deal with the conventional assessment techniques outlined in 
previous chapters. Temperature, strain and deflection will all be used as 
measures that can be used to compare the response of the structure to the 
different fires. The following chapter will apply the more advanced analysis 
techniques to study the column behaviour. 
6.5. CASE STUDY 
The remainder of this thesis is a case study that demonstrates how the 
methodology above can be applied to a structural model. Initially, a number 
of “base case”  scenarios are considered and the differences between the 




structural response compared; a parametric study is then conducted to assess 
the validity and effect of the various assumptions made by the new approach. 
The impact of the shape and path of the fire is also considered. Chapter 
seven focuses on applying the more advanced analysis techniques to the same 
set of fires. 
6.5.1. Structural Arrangement 
The finite-element model that was used is identical to that described in 
chapter five. For further discussion of this model, and the sensitivity studies, 
see also appendix II. 
6.5.2. Base Case Fires 
The “base case”  set, or family, of fires were defined as a simple fire type that 
moved linearly from one side of the structure to the other. Their burn areas 
had a range of sizes: 1%, 2.5%, 5%, 10%, 25%, 50% and 100% of the floor 
area. It was assumed that the fuel load (qf) was 570MJ/m
2; the heat release 
rate (Q ′′& ) was 500kW/m2; and the radius for Alpert’s equation was measured 
from the centre of the burn area. This resulted in a burn duration of 19 
minutes for any single area. The 25% burn area fire, therefore, lasted for a 
total time of 76 minutes, and had a far-field temperature of 805˚C. The 2.5% 
burn area fire, meanwhile, had a duration of 760 minutes and a far-field 
temperature of 325˚C. Figure 6-2 shows the duration and far-field 
temperatures for each of the base case fires. It should be noted for the 100% 
area fire, the far-field temperature is the same as the near-field temperature. 
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Figure 6-2. Far-field temperatures and durations for different burn area fires. Standard 
and Parametric fire curves are also shown for reference. 
6.5.2.1. Structural and Thermal Analysis 
A thermal and structural analysis were conducted using the finite-element 
model described above. Figure 6-3 shows the slab soffit temperature part way 
through the 2.5% and 25% burn area fires. To allow meaningful conclusions 
to be drawn from the modelling, it should be noted that the analyses were 
comparative, not absolute. The initial aim of these analyses was to compare 
the response of the structure to the different fires rather than to obtain a 
detailed description of the structural behaviour in each scenario. Therefore, 
for the remainder of this chapter, the metrics that will be used to quantify 
the response of the structure will be the three simple measures discussed 
above – temperature, strain in the tension steel, and central deflection of each 
bay. 






Figure 6-3. a) The progression of the 2.5% fire across the floorplate; b) The progression of 
the 25% fire across the floorplate. Bay numbers are indicated in both figures. 
 
The heat transfer analyses allowed the temperature in the slab soffit rebar to 
be monitored. Figure 6-4 shows the temperature profiles for the tension rebar 
in bays 1-6 for the 5% burn area fire. It can be clearly seen that the final bay 
to be subjected to the near-field experienced the highest temperature; the 
long pre-heat induced a higher maximum temperature in this bay, which 
causes it to be most critical. This trend was the same with each of the base 
























































Figure 6-4. a) Single point rebar temperature at the centre of bays 1-6 during the 5% base 
case fire; b) Average rebar temperatures for the whole of bays 1-6 for the 5% 
base case fire. 
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Figure 6-4 also shows the average temperature in the soffit rebar for each 
bay. It is notable that the average bay temperatures are lower than the single 
point temperatures. This is because the near-field of the 5% burn area fire 
does not cover the whole area of any bay simultaneously; thus, the average 
rebar temperatures are lower. The bay average lower rebar temperatures are 
a more representative measure of structural vulnerability as they will not be 
distorted by localized heating effects. For example, were a localised fire to 
heat only a tiny area of the bay, it would have minimal impact on the overall 
structural behaviour, but would induce high rebar temperatures. Thus, the 
bay average lower rebar temperatures will be used as the measure of rebar 
temperature for the remainder of this chapter.  
 
A comparison of the rebar temperatures induced in the final bay by the 
different base case fires (Figure 6-5) shows clearly that the highest 

































Figure 6-5. Temperature profiles for the rebar during the base case fires. 
 




The rebar strains show a similar trend; however, rather than the peak 
occurring during the heating phase, the maximum rebar strains occurred 
during the cooling phase. Figure 6-6 shows the trace of the maximum hogging 
and sagging strain and their corresponding locations on the floorplate. It 
should be noted that the majority of the slab is pulled into tension on 
cooling. This is consistent with experimental observations that perimeter 















































Figure 6-6. Strain behaviour during each of the base case fires 
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c) d) 
Figure 6-7. Change in structural distress with burn area: a) rebar temperature, Standard 
Fire equivalent is 1hr 37min; b) sagging strain, value for Standard Fire given 
after 3 hours; c) hogging strain, Standard Fire equivalent is 1hr 18min; and d) 
deflection, Standard Fire equivalent is 1hr 54 min. 
 
Each measurement technique can be normalized with respect to the 
appropriate failure definition: 593˚C for rebar, span/20 for deflection, and 
0.2 for rebar strain. It is possible therefore to observe how the level of 




structural distress changes as the percentage burn area is increased. A 
comparison can also be made with the behaviour of the structure subject to 
the various codified fires. The structure was subjected to a three hour 
standard fire, a “short hot”  parametric fire and a “ long cool”  parametric fire. 
The “short hot”  fire had a peak temperature of 989˚C and a total duration 
of 37 minutes, and the “ long cool”  fire had a peak temperature of 915˚C and 
a duration of 145 minutes. The response of the building to these fires in 
terms of the structural measures monitored was also analysed. The most 
severe response generated by the travelling fire was compared to the time it 
took for the Standard Fire to induce the same degree of distress. For the 
rebar temperature, the equivalent time was 1 hour 37 minutes; for the 
deflection, the equivalent time was 1 hour and 54 minutes; for the hoggig 
strain, the equivalent time was 1 hour and 18 minutes; and for the hogging 
strain, the maximum strain obtained during the travelling fires was not 
obtained even after three hours. Figure 6-7 shows the trends for each of the 
measures as the burn area changes.  
 
It is clear that the 25% burn area fire induced the highest degree of 
structural distress in each of the “ failure”  metrics. The trend in every metric 
is the same: the lower burn area fires caused a lower degree of structural 
distress; the medium length fires (5%, 10% and 25%) caused a higher degree 
of structural distress; the high burn area, shorter duration, fires caused a 
lower degree of structural distress. It is also notable, that the temperature 
and deflection measures show the structure as much closer to “ failure”  than 
the strain measures. The comparison between the results from the base case 
fires, and the codified fires shows a mixture of results. The lack of consistency 




in the time taken for the Standard Fire to induce the same degree of severity 
as the most severe travelling fire is worth noting. It indicates that the when 
compared to a more realistic fire, the Standard Fire produces a very non-
uniform degree of safety between the different measures. After three hours of 
exposure to the Standard Fire, the sagging strain obtained was lower than 
that obtained during many of the travelling fires, and the “ long cool”  
parametric fire. This was because there was no cooling phase during the 
standard fire so the structure was not pulled into tension. It can be seen that 
the parametric fires universally induced less extreme structural conditions 
than the medium burn area base case fires. 
 
The response of the concrete frame to the base case and codified fires 
demonstrated three points.  
• It cannot be assumed that the range of parametric fires are able to 
induce the most extreme structural conditions realistically possible; a 
travelling fire based on fundamental fire dynamics can induce a worse 
structural scenario.  
• The lack of a cooling phase in the Standard Fire does not allow all the 
forces that are likely to develop over the course of a real fire to 
develop; it cannot, therefore be considered conservative. 
• The medium duration (and burn area) fires induce the most extreme 
structural response; the very short fires with a large burn area, and 
the very long fires with a small burn area are less severe for the 
structure. 
 




6.6. SENSITIVITY STUDY 
In light of these points, a sensitivity study was conducted to establish the 
validity and conservatism of the various assumptions made in the travelling 
fire methodology. As the 25% fire was found to be the most severe by every 
metric, this burn area was used throughout the sensitivity study. The method 
used to define the far-field temperature was varied, and the response of the 
structure was monitored using the same metrics that were used in the 
previous section. The far-field temperature cases studied are described below 
and illustrated in Figure 6-8. 
 
Alpert’s temperature profile. Rather than averaging Alpert’s temperature 
profile as above, the monotonically decreasing temperature profile defined by 
Alpert’s equation was directly applied to the structure. The movement of the 
fire was also varied: the previous analyses assumed that the fire would 
suddenly “ jump”  between burn areas after the exhaustion of the fuel. The 
effect of this was studied by allowing the fire to move slowly along the 
floorplate of the structure.  
Single far field. As with the previous analyses, Alpert’s far-field temperature 
profile was reduced to a single value by fourth power averaging. 
Two far fields. Rather than reducing the far-field to a single value either side 
of the burn area, the two far-field area’s temperatures were defined 
independently averaged. This gave two far fields as the fire progressed 
through the structure. 
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Figure 6-8. Temperature profiles for parametric study 
 
The results from the parametric study (Figure 6-9) show that there is little 
variation in the performance metrics between the different fires. It is 
therefore reasonable to use the simple, averaged, temperature profile as for 
the whole of the far-field temperature region. This makes the temperature 
definitions in the heat transfer model significantly easier to apply: a key 
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Figure 6-9. Effect of far-field definition on each metric 
 
 




6.7. DIFFERENT SHAPES OF FIRE 
The above analyses have focused on fires which start at one end of the 
structure and the progress across the floorplate. In reality a fire could follow 
any number if paths; it has long been recognised that to recreate every 
possible fire scenario would be unfeasible [8]. However, since the advent of 
modelling techniques such as the finite-element method it has become 
possible to evaluate a number of different structural scenarios quickly. This 
chapter has developed a number of fires and applied them to the same 
structures: however, it would still be unfeasible to attempt to model every 
possible fire. In an attempt to quantify the impact that different fire paths 
and shapes have on the structure, this study analyses the effect of three other 
possible fire patterns. The different fire shapes are illustrated in Figure 6-10 
and are described below: 
 
Corner fire. The fire initiated in one corner of the structure and spread 
clockwise around the building’s core until all the fuel was consumed.  
Ring fire, Outwards. The fire was initiated in a ring around the core, and 
spread concentrically outwards. 
Ring fire, Inwards. The fire was initiated in a peripheral ring around the edge 
of the structure, and spread concentrically inwards towards the core. 
 
It should be noted that in each of these cases, the burn area is 25%. This 
figure was chosen as it induced the highest degree of structural distress in the 
initial base case study. 





Figure 6-10. Different fire shapes and paths. 
 
The analysis of the different failure metrics reveals that there is some 
variation between the different fires paths for all of the different paths. The 
results were broadly similar with some metrics showing an increase and some 
showing a decrease. Between all of the different fires the maximum relative 
increase in comparison with the base case model was: 8% for deflection; 5% 
and 10% for hogging and sagging strain respectively; and 0% for the rebar 
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Figure 6-11. Influence of path on failure metrics. 
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A comparative analysis of the impact of a number of different design fires on 
a concrete frame has been conducted. A new approach to defining 
temperature-time curves for design has been presented. The relative impact 
of the conventional codified curves and the new “travelling fire”  methodology 
has been studied. There are a number of points that should be emphasised. 
 
The “travelling fire”  approach is based on observations from real large-
building fires, and founded on the fundamental fire dynamics of a large open 
plan floorplate. It allows a range of fires to be considered and, thus, allows 
structural engineers to better understand how different fires might affect the 
behaviour of a building. Though based on complex temperature distribution 
data, a simplified approach allows a single value far-field temperature 
distribution. It has been demonstrated that this simplification is a good 
approximation to more complex temperature defined by fire dynamics and a 
gradually progressing fire. The simplified far-field approach is easily 
implemented in finite-element codes.  
 
The generic concrete frame which was subjected to the various fires was the 
same in each of the analyses. Though a number of simplifications were made 
to allow the series of stable finite-element analyses to take place, the strength 
of this study is in the comparison between identical models. It is know that a 
small degree (~6%) of accuracy was lost due to tension behaviour 
simplifications. However, the aim of this study was not to give an absolute 
value for deflection or strain after a certain fire: rather, the aim was to 




compare the how different fires affect the same structure. It has been possible 
to draw strong comparative conclusions, particularly given the variety of 
measures used to assess the structure.  
6.9. CONCLUSIONS 
There are a number of conclusions which can be drawn from this study: 
• Complex temperature profiles can be applied to finite-element modles 
in a relatively simple manner. 
• Travelling fires have a more severe impact on the performance of a 
structure than the Eurocode parametic fires. These fires cannot, 
therefore, be considered conservative. 
• The fires of medium duration and burn area are the most severe in 
terms of their impact on the structure. 
• The 25% burn area fire was conclusively found to be the most severe 
by every measure used. 
• The assumption of a simplified far-field temperature was valid: more 
complex and realistic temperature profiles had little impact on the 




Travelling Fires and  
Whole Structure Assessment 
 
This chapter draws together the techniques that have been developed 
throughout this thesis and applies them to the generic concrete structure that 
has featured in chapters five and six. Chapters four and five developed and 
applied techniques for assessing the capacity and loading of a structure. The 
previous chapter focused primarily on the slab. This allowed the various 
assessment methods to be applied simply and appropriately to the shell 
model of the concrete slab. In this chapter, the attention will shift to the 
columns. Initially, the columns will be analysed using the most appropriate 
simple measure, namely rebar temperature. Then, the effect of the different 
fires on the capacity and the loading of the structure will be examined more 
closely than in previous chapters. Finally, the new utilization assessment 




techniques will be applied to the all of the columns in the structure and the 
fires will be compared quantitatively and methodically. The general trends 
which a structure undergoes are analysed and the potential for design 
modifications is made clear. The chapter will first focus on the “base case”  
fires and then move onto the various parametric studies. 
7.1. REBAR TEMPERATURE ASSESSMENT 
Many of the metrics that were used to assess the slab in the previous chapter 
are not appropriate for the assessment of columns. For example, the tension 
strain in the steel is not a particularly useful measure as the column is likely 
to be mostly or entirely in compression. The usefulness of deflection as a 
metric is also questionable: should it be the lateral deflection of the top of the 
column relative to the base, or the vertical displacement of the top of the 
column. A more appropriate measure, perhaps, is steel temperature, as this 
give some indication of both the axial and flexural resistance of the column. 
Of course, depending on the degree of steel reinforcement, the bulk of the 
column’s resistance may be given by the concrete. Nevertheless, steel 
reinforcement temperature offers a simple measure for structural resistance.  
 
The maximum temperature of the longitudinal rebar was monitored for the 
duration of each fire. As with the slabs it was found that the final member to 
be heated achieved the maximum rebar temperature; in each case this was 
the final column in each row. Figure 7-1 shows the temperature profile for the 
hottest rebar in columns E1-E7 over the duration of the 25% burn area fire.  
































Figure 7-1. Temperature profile in column steel due to 25% fire. 
It is clear that the final column to be exposed to the near-field temperature 
was heated to the highest temperature. This was the case with each of the 
base case analyses. Figure 7-2a shows the temperature profiles of the rebar 
which obtained the maximum temperatures. It can be seen that as with the 
slab analysis in the previous chapter, the peak rebar temperatures were 
induced by fires of medium duration fires and medium burn area. The 
maximum temperature obtained can be plotted as a function of burn area as 
shown in Figure 7-2b. 
 
From these plots, it is clear that the medium duration and medium burn area 
fires are the most severe in terms of this measure of distress. This is a similar 
finding to the conclusions of chapter six where the medium fires were 
consistently found to induce the most severe structural response.  


























































a)  b) 
Figure 7-2. Maximum temperature profiles for each of the base case fires; a) in profile for 
the hottest column in each base case; b) maximum temperature in terms of 
burn area. 
7.1.1. Sectional Analysis 
To allow the utilization rate of the columns to be analysed, a series of 
sectional analyses were conducted. Figure 7-3 shows the sectional analysis for 
column B4 at different stages during the fire. At 11400s, the shape of the 
interaction clearly becomes asymmetrical as was seen in chapter 4. This time 
is halfway through the burn period of the fire and consequently, at this time 
column B4 has been exposed to the near-field on one side, but not on the 
other. This is the cause of the asymmetric interaction diagram. On further 
times steps, after the near-field passed and the whole column had been 
exposed to the highest temperatures for a duration of 19 minutes, the 
symmetry of the diagram is restored, though it is clear that exposure to the 
near-field has reduced the overall sectional capacity significantly. Much of 
this reduction is present even after cooling as the ultimate concrete strength 
was assumed to be irrecoverable. Appendix IV presents a series of similar 
diagrams for each of the columns for the 5% base case fire. Figure 7-3 also 




shows the current loading at the top of the heated column. It can be seen 
that throughout the analysis, the loading remained well within the limits of 




Figure 7-3. Plots of how the sectional analysis develops during the 5% fire. 
 
Though these plots are useful in that they provide information about the 
changes in sectional capacity with time, they must be analysed further using 
the methodology presented in chapter five to allow a deeper insight into how 
the fires affect the columns. 




7.2. UTILIZATION ANALYSIS 
7.2.1. Base case fires 
Each of the base case fires which were presented in chapter six were applied 
to the structure. The columns were also analysed using the methodology 
presented in chapter six. Figure 7-4 shows the utilization rates for the 
columns and Table 7-1 highlights the key statistics for each fire. From this it 
is clear that the maximum burn area, shortest duration fires (100% and 50% 
burn areas) have the lowest impact on the columns.  
 
Figure 7-4. Utilization rates of columns subject to the base case fires. 
 
What is particularly striking about the statistics is that the mean utilization 
for the 2.5% through to the 25% burn area fires are very similar. This is the 
case for both the moment/axial utilization and the shear utilization. The 
higher percentile measures show that the 5% and 10% burn area fires cause 
the highest utilization. This is visualized in Figure 7-5a and b, where it can 
be seen that in contrast to the more conventional metrics of structural 




performance, the column utilization approach identifies the lower percentage 
area fires as being the most critical for structural performance. 
 
Table 7-1. Key statistics from each of the base case fires. 
 Moment/Axial Shear 
 1st 2nd Up x  75
th 95th 1st 2nd Up x  75
th 95th 
2.5% Base E7 A7 38% 0.60 0.70 0.79 D6 B6 85% 0.40 0.49 0.77 
5% Base A7 E7 53% 0.61 0.72 0.80 B2 D2 88% 0.40 0.52 0.83 
10% Base A6 E6 38% 0.60 0.66 0.75 B6 D6 82% 0.39 0.45 0.84 
25% Base E6 A7 41% 0.61 0.66 0.67 D2 B2 85% 0.38 0.55 0.68 
50% Base E6 D7 41% 0.58 0.62 0.66 B4 D4 88% 0.32 0.51 0.60 







































Figure 7-5. Utilization rates as a function of burn area; a) shear utilization; b) 
moment/axial utilization. 




There are several other trends that can be picked out from this data. The 
most critical columns in terms of moment/axial force are the perimeter 
columns in every case. In contrast, the most critical columns in terms of 
shear force are the internal columns. Another contrast between the bending 
and shear utilization measures is the location of the most critical section in 
each column. The most critical shear utilization consistently occurs in the 
upper section of the column, while more critical utilizations occur in the 
lower section of the column when moment/axial force are considered. 
7.2.2. Parametric Study 
As discussed in chapter six, the base case fires make a number of assumptions 
regarding the definition of the far-field. The sensitivity of the model to these 
assumptions was studied using the single parameter measures in chapter six. 
Here, the same models are analysed using the whole structure utilization 
approach. Figure 7-6 shows the cumulative percentage utilization for the 
most critical step during each fire. It can be seen that the four options for 
far-field temperature definition give very similar results. These can be directly 
compared in Table 7-2. The largest differences between the models occur in 
the shear utilization at the 95th percentile. It can be seen that in this case, the 
one far-field approach to temperature definition is conservative. This is not 
the case with the moment/axial force where there is a maximum difference of 
five percentage points between single temperature far-field and the gradual 
Alpert distribution. 





Figure 7-6. Utilization rates due to different methods of far-field temperature definition as 
described in section 6.6. 
 
Table 7-2. Key statistics from fires of different far-field temperature definition 
 Moment/Axial Shear 
 1st 2nd Up x  75
th 95th 1st 2nd Up x  75
th 95th 
One far-field E6 A7 41% 0.61 0.66 0.67 D2 B2 85% 0.38 0.55 0.68 
Alpert gradual B6 B3 53% 0.62 0.65 0.72 B2 D2 94% 0.31 0.44 0.59 
Alpert sudden B6 D6 53% 0.59 0.61 0.70 B6 D6 94% 0.33 0.47 0.62 
Two far-fields E6 B6 53% 0.59 0.65 0.68 B2 D2 88% 0.35 0.52 0.66 
 
7.2.3. Different Paths 
The final variation that was studied was the effect of different fire shapes and 
paths. Four different options as described in chapter six were trialled and the 
results are presented in Figure 7-7 and Table 7-3. It can be seen that in terms 
of the overall maximum moment/axial utilization, there is very little 
difference between the different fire types. The 95th percentile shows a 




difference in utilization between the different fires of five percentage points. 
Though the overall shear utilization is similar, the percentile differences are 
slightly bigger with eight percentage points at the 95th percentile.  
 
Figure 7-7. Rate of utilization for fires of different shape and path. 
 
Table 7-3. Key statistics from fires of different shape and path 
 Moment/Axial Shear 
 1st 2nd Up x  75
th 95th 1st 2nd Up x  75
th 95th 
Base case E6 A7 41% 0.61 0.66 0.67 D2 B2 85% 0.38 0.55 0.68 
Ring, 
inwards 
B6 B2 53% 0.61 0.64 0.72 B6 D6 88% 0.35 0.48 0.62 
Ring, 
outwards 
B6 B2 53% 0.62 0.64 0.72 B6 D2 88% 0.34 0.54 0.70 
Corner D6 D2 53% 0.61 0.66 0.72 B2 D2 85% 0.35 0.52 0.64 
 
A clear difference between the different fires is the location of the most 
critical column. The moment/axial utilization data show a clear shift from 




the external columns during the base case, to the most heavily axially loaded 
internal columns during the non-base case fires.  
7.3. DISCUSSION 
The above analysis has studied the impact of travelling fires on the response 
of a generic concrete frame through the use a relatively simple single measure 
(rebar temperature) and through the use of the methodology developed in 
chapter five. Since the structure and the fires (indeed the models) are the 
same, the results from this analysis are comparable with the results from 
chapter six. The overall results from this chapter are less clear than from the 
previous chapter, in which every metric of structural behaviour indicated that 
the medium duration, 25% burn area fire had the most significant impact on 
structural performance. 
 
However, the approach of column assessment is much more useful in terms of 
analysing the most highly utilized parts of the structure. If the data from all 
of the fires and the mean, maximum and minimum utilizations for each 
column are plotted (Figure 7-8) it is possible to draw more general 
conclusions about the impact of each of the fires. Figure 7-8 shows the 
different rates of utilization in both moment and shear; from this information, 
it is possible to make informed design decisions about what parts of the 
structure perform best and worst in a fire.  




















































Figure 7-8. Average, maximum and minimum utilization rates for each column; a) shear 
utilization; axial/moment utilization. 
 
The shear data clearly shows that there are a large number of columns that 
are consistently utilized at a fairly low degree (<40% of the maximum 
utilization). From the location visualization, it is clear that these are 
predominantly the perimeter columns. It can also be seen that irrespective of 
the non-uniform nature of the fire that columns B2, B6, D2, and D6 are 
consistently the most heavily utilized. Based on this information, it would be 
possible to change the design to strengthen these columns. For example, it 
would be possible to increase the amount of shear reinforcement, and then 
reanalyse the structure. 




It is also useful to identify the maximum utilizations as well as the average 
utilizations. This would allow designers to be aware of any extreme reactions 
to a particular fire that are not represented in the average figures.  
 
Unlike the shear utilization trends which clearly show a difference in 
utilization between the internal and the perimeter columns, the 
moment/axial utilization rates are more constant over all of the columns 
(between 55% and 70% utilization). This implies that the safety factor 
between all of the columns is fairly uniform for this measure. The most 
notable exceptions to this are the columns C3 and C5 that show significantly 
less utilization than the others. In light of this information, the designer could 
reduce the sizes of these concrete sections as they are overdesigned from a fire 
perspective. 
 
Another trend that can be seen in the axial/moment behaviour that is not 
evident in the shear utilization is that the column numbers 6 and 7 in each 
row tend to be more highly utilized then columns 1 and 2. This is an effect of 
the direction of travel of most of the fires to which the structure was 
subjected.  
The method of combining utilization information from all of the different fires 
is analogous to the approach taken when designing structures against 
imposed load at ambient temperatures. The shears and moments that are 
induced by different combinations of imposed loads (for example, on alternate 
spans) are calculated, and the structure is designed to resist the entire 
envelope of fire. In the case of the structure above, a number of realistic 




design fires were applied and the response of the frame to each one was 
analysed individually. This is a more thorough approach than just applying 
one Standard Fire curve to the structure which is, perhaps, equivalent to 




Figure 7-9. Mean utilization rates plotted for each column; a) shear utilization; b) 
bending/axial utilization. 
7.4. CONCLUSIONS 
This chapter has combined the structural assessment methodology presented 
in chapter five with the travelling fires presented and analysed in chapter six. 
Both of these techniques are novel, and together they form a potentially 
powerful tool for the fire design of large structures. There are a number of 
specific conclusions that can be drawn from this chapter: 
• Different measures of structural performance can give different results 
in terms of structural performance. 




• Temperature analysis of the column rebar indicates that the medium 
duration, medium burn area fires are the most severe. 
• Detailed utilization analysis of every column shows that the lower 
burn area fires (5% and 10% burn areas) are more severe for the 
structure. 
• Changes in the far-field temperature definition cause the utilization of 
the columns to change by a maximum of 9%. 
• Fires of different path and shape have very little (<1%) overall impact 
on the global structural utilization. 
• Data from a number of fires can be averaged to draw general 
conclusions about the overall performance of each column. Vulnerable 





Conclusions and Further Work 
This thesis has discussed a number of different aspects of the assessment and 
behaviour of concrete structures during fire. The broader context of 
structural fire engineering has been presented and the role of this research 
has been placed within the discipline. The work has touched on a number of 
the key points that concern structural fire engineering today: the intricacies 
of constitutive numerical modelling, load induced thermal strain (LITS), and 
how they can be implemented have been discussed; a new technique for single 
element assessment has been developed and applied; a new methodology for 
assessing the performance of structural models in fires has been presented; 
and the effect of different design fires on a structure has been analysed using 
a combination of techniques. This final chapter will review the specific 
conclusions from each of the areas studied, and discuss more general 
conclusions from the work as a whole.  




8.1. CONSTITUTIVE MODELS 
Constitutive models are the root from which the behaviour of finite-element 
models are governed. Subtle changes to the constitutive modelling can induce 
significant differences in the results of a finite-element model. Several 
conclusions can be drawn from the work on constitutive modelling of 
concrete: 
• The constitutive models reviewed are broadly similar in their trends 
and implementation. 
• The Eurocode 2 model implicitly includes LITS behaviour; by not 
defining the elastic modulus of concrete, it is left to the user to make 
an appropriate assumption. 
•  Users of EC2 can represent plastic LITS strains more correctly by 
using an elastic modulus which is distinct from the initial tangent of 
the constitutive curve. 
• More realistic representation of plastic strains causes more significant 
strain reversal to occur on cooling. 
• It is possible to manipulate the LITS contributions to the non-loading 
directions by redistributing the plastic strains when calculating the 
different plastic stresses and strains in the material model. 
8.2. ELEMENT ASSESSMENT 
A new technique for creating biaxial interaction diagrams for concrete 
sections was created. The method is appropriate for ambient and heated 
sections and is significantly more efficient than a conventional “brute force” 
approach. Several conclusions can be drawn from this research: 




• It is possible to efficiently create biaxial interaction diagrams by 
exploiting the properties of the sectional tangent stiffness matrix.  
• A simple algorithm can be used to find the stationary points of the 
tangent stiffness matrix. 
• Biaxial bending moment diagrams can be represented easily in two-
dimensions by using concentric rings to represent values of out-of-
plane moment. 
• The method is general and can be used for a section of any dimensions 
and rebar of any arrangement. It is also not limited to conventional 
heating patterns. 
• The 500˚C isotherm method is inherently unconservative due to the 
assumption of an ambient concrete core. 
8.3. METHODOLOGY OF STRUCTURAL ASSESSMENT 
A new methodology was created for analysing structures subject to fire. This 
approach brought together a number of different analysis techniques and 
thereby allowed a broader understanding of how a fire might affect a 
structure to be developed. There are several conclusions that can be drawn 
from this research: 
• It is possible to monitor the applied column loading even where 
elemental output of section forces/moments is not possible. 
• Sectional analysis can be used to analyse the impact of fire upon the 
capacity of every column in a building. 
• Utilization factors (loading ratios) can be given to every part of every 
column to quantify how heavily the structure is used. 




• Comparison can be made between different analyses to quantify and 
compare the impact of different fires.  
• Heating of the column in the fire compartment causes a load shedding 
mechanism which causes most of the critical behaviour to occur in the 
unheated, upper, column. 
• More realistic heating of the column in the fire compartment causes 
more of the critical behaviour to occur in the heated section. 
8.4. TRAVELLING FIRES 
The impacts of a series of travelling fires on a concrete structure were 
studied. The travelling fire methodology was presented, and applied to a 
structural model. The response of the structure was monitored using a 
number of different metrics. There were several conclusions that were drawn 
from this study. 
• Non-uniform, travelling, fires can have a more significant impact on a 
structure than conventional codified fires. 
• The medium duration, medium burn area fires were clearly found to 
have the most severe impact on the slab’s performance. The 25% burn 
area fire was found to be the most severe for the slab. 
• It was appropriate to make simplifying assumptions regarding the 
degradation of far-field temperature. 
• The path of the fire had some impact (~10%) on the response of the 
fire and cannot therefore be considered negligible. 
• Conventional assessment methods found that the medium duration 
fires had the most severe impact on the columns. 




• The advanced utilization techniques showed that the columns were 
most heavily utilized during the longer fires. 
8.5. GENERAL DISCUSSION AND CONCLUSIONS 
The direct conclusions of this research project are presented above and 
throughout this thesis. However, there are also a number of more general 
conclusions that can be drawn from the process and outcomes of the research 
conducted for this thesis. 
 
Throughout the course of this work, care has been taken to identify gaps in 
existing knowledge and inconsistencies in the way that physical 
understanding is applied to current problems. The work on load induced 
thermal strain has shown that there is a mismatch between the way LITS is 
understood by those who study it closely, and those who wish to represent its 
effects in finite-element models. The findings of this research allow this gap 
to be bridged in a way that both represents the key phenomena, and allows 
simple implementation. 
 
Likewise, the work on sectional analysis applied a detailed physical 
understanding to identify the key assumptions that render current design 
techniques unconservative. The new approach to creating interaction 
diagrams also provides a leap in complexity and rigor that lets this technique 
be used more flexibly for design. 
 




The finite-element analyses of the generic concrete structure have been used 
to address a number of inconsistencies that exist in design process. There are 
two main mismatches in the complexity that have been identified and 
addressed: the design fires; and the assessment techniques. In each of these 
areas, the complexity of the finite-element tools used to model the structure 
were significantly in excess of the design techniques used to apply the fire and 
measure the structural response. 
 
Within each finite-element analysis, there are also a number of factors to 
consider. Numerically, concrete is a difficult material to work with. There are 
many different parameters that can be defined and chosen by modellers: rate 
of strength and stiffness degradation; shape of constitutive curve; ultimate 
tensile strength; and yield surface to name just a few. In changing each of 
these parameters, the modeller will alter the results of the analysis and each 
one can be critical in determining the accuracy and appropriateness of any 
simulation. Equally, in some circumstances precise and careful definition of 
some parameters may be almost irrelevant to the overall outcome of the 
model. This analogy can be extended to all aspects of finite-element 
modelling; geometry, connections, element type, etc. This is demonstrated 
quite comprehensively in appendix II where a series of sensitivity studies are 
conducted to analyse the impact of mesh sensitivity and tensions property 
assumptions. Though there were variations in the overall behaviour due to 
changes in these parameters, it was demonstrated in chapter 6, that the 
largest variations were caused by the way the fire was defined.  
 




This illustrates that a finite-element modeller must understand what they are 
attempting to model and the relative importance of different factors in order 
to create an appropriate model. It is difficult to see the benefit of developing 
very complex and precise definition of some material properties when their 
overall impact on global behaviour is negligible in comparison to the impact 
of small changes in the fire. For example, the different constitutive models 
create marginally different results but the apparently subtle changes in the 
elastic modulus caused huge differences in the overall output. 
 
An area of concrete behaviour that was not considered or quantified in this 
thesis was the effect of spalling. There were two main reasons for this: firstly, 
it was not within the scope of this work to develop a model for predicting 
spalling; secondly, it was felt that the inclusion of spalling would over-
complicate each of the techniques that were being presented without 
providing insight into the cause. Were it necessary to include spalling, the 
sectional analysis techniques could be adapted to include loss of concrete 
cover by simply removing material. Each of the finite-element analyses could 
also be modified to account for lost material [82]. Despite the omission of 
spalling, it is worth noting that in the finite-element analyses in chapters five, 
six and seven, the concrete did not recover any of its strength as it cooled. 
 
This research has described and applied a number of different measures of 
structural performance to quantify the behaviour of the structure during a 
fire. These have ranged in complexity from single structural measures, to a 
basic measure of shear capacity, to a well defined approach for assessing 
axial/bending capacity. The work in this thesis has shown that different 




assessment techniques can produce different results. The section utilization 
assessment methodology that has been developed is a robust and much more 
detailed way of assessing a structures performance than any of the single 
measures that were used. Though the assessment technique was complex to 
develop during the course of this project, the underlying principle is very 
simple. 
 
In ambient design, a series of partial safety factors are applied so that a 
generally agreed level of safety is obtained throughout the structure. When 
specifying member dimensions or rebar arrangement, the aim of the engineer 
is to design the most efficient section possible. The resistance of the member 
must be greater than the applied loading, but this is the only control. If the 
designer can specify a section with a factor of safety of 1.01, this is preferable 
to a factor of safety of, say, 1.2. Therefore, within certain constraints (section 
availability, regular numbers for rebar spacing) sections will have a relatively 
uniform degree of safety relative to the predicted loading throughout the 
structure. The safety in the structure is derived from the pre-defined partial 
safety factors rather than from the designer – whose aim is to build as close 
to the limit as possible. 
 
In fire design, there is very little consideration of the factors of safety in 
elements. Methods such as the isotherm technique allow designers to check 
the resistance of sections, but the question for most fire design is typically 
whether or not a member fails and how long it takes to do so. The single 
measure approaches described previously are often used for this purpose. The 




methodology developed in this thesis allows the factor of safety (or utilization 
factor) for any section in the structure to be calculated with respect to its fire 
induced loading. Engineers can then make decisions based on the calculated 
factors or safety to increase the robustness of some members, and decrease 
the protection or size of other members. It allows a much better 
understanding of the degree of safety in a structure during a fire.  
 
As stated above, the development and implementation of the approach in 
this work was a complex process. However, it should be noted that once the 
framework for assessment had been created and implemented, the process of 
assessing the structure and creating reports such as those in chapter five and 
seven was entirely automatable. Once a finite-element model has been 
created, much of the work of analysing the structural performance can be 
completed automatically. Since much of the time that is spent on finite-
element modelling is in the creation of the model and analysis of the results, 
it is not prohibitively time consuming to run a small number of possible fire 
scenarios, if the analysis process is automatic. 
 
The latter chapters of this thesis present, implement, and analyse the effects 
of a travelling fires on the response of a structure. A number of specific 
conclusions have been made above. However, there are other points that can 
be discussed that relate to two main issues: the appropriateness of using 
travelling fires; and how travelling fires relate to the rest of this work.  
 




Chapter six details the limitations of current temperature-time curves; 
however, there are a number of more general points in favour of such an 
approach that can be made. The use of a family of travelling fires in the 
design of a building allows an approach that is analogous to techniques 
currently used for ambient design to resist loading. Travelling fires allow an 
envelope of likely behaviour to be developed in the same way that different 
arrangements of live load are used to find the required section sizes in 
ambient design. An argument against the use of travelling fires (or even 
parametric fires) is that they do not encompass all of the possible fires to 
which a building is may be subjected. There are several counter arguments to 
this position which are worth outlining: 
• Experience from real fires and results from fire dynamics have shown 
fires can grow much more rapidly and be much hotter than a Standard 
Fire. 
• A Standard Fire does not include a cooling phases which are often the 
most critical time for some structures. 
• If the Standard Fire curve represented the most extreme set of fires to 
which a structure was subjected then the equivalent in ambient design 
would be designing a structure to resist all the different loading 
combinations at the same time and would result in an unacceptably 
conservative structure. Further to this point, it would also be 
equivalent to designing a planned residential space to resist the 
loading that would be imposed by a plant room; this degree of future 
proofing would also be unacceptably inefficient for the initial 
structural design. 




• If the aim of design is to create the most efficient structure, then the 
use of a family of fires allows optimization in the same way as 
structures are optimized for different loadings at ambient design. 
 
Though useful in its own right, the travelling fire methodology dovetails with 
the structural assessment approaches presented in chapter five. Together, 
they provide a powerful technique to allow the quantification of the degree of 
safety present in a building that is subject to fire. All of the principles that 
were discussed above in relation to the assessment methodology are 
applicable to the travelling fires. A “ family”  of different fires is the logical 
progression once it is possible to quantitatively assess the response of the 
whole structure. 
 
This work has explored and presented a number of new techniques and 
methodologies for modelling, designing and assessing the response of concrete 
structures to fires. There are a number of specific and technical outcomes as 
well as more general approaches for understanding the response of structures 
to fire and addressing mismatches in complexity. It has provided a number of 
outcomes that are potentially useful both in academia and industry. 
8.6. SUGGESTIONS FOR FURTHER WORK 
Of course, there is a huge amount more work that can be conducted on the 
response of concrete structures to fire. There are two types of further work 
that can be suggested: further research; and implementation of the findings of 
the thesis. 
 




Further areas of research include the development of the sectional analysis 
techniques to include more complex sections such as concrete filled steel 
tubes; this would require some quantification of the degree of de-bonding 
between the steel and the concrete, but the analysis techniques could be 
based around the tangent-stiffness techniques introduced above.  
 
The consideration of shear effects in this work has been basic. It is clear that 
shear plays an important role in the behaviour and, indeed, failure of 
concrete structures in fire. An experimental project linked to detailed 
structural modelling would provide useful insights into the shear behaviour of 
concrete at high temperatures. 
 
There are a number of outcomes from this project that could be implemented 
with positive effect: 
• The findings in relation to load induced thermal strains show that it is 
relatively easy to include plastic LITS effects in finite-element models. 
The developers of such codes could, with only slight modifications, 
implement a more realistic LITS model in their software. This would 
allow LITS effects to be explicitly considered within finite-element 
models without the need for researchers or designers to write their own 
material models. It should be noted that since the work herein first 
developed, these techniques have been implemented in the finite-
element code “SAFIR”  [72]. 




• The sectional analysis technique developed could be written into a 
simple program to allow engineers to assess the capacity of their 
sections more conservatively and accurately. 
• The assessment methodologies though complex to create are very easy 
to apply and use. These could be implemented as an additional 
package or as an add-on to existing codes to allow designers to 
generate reports on how structures have performed during an analysis. 
• The travelling fire methodology could easily be applied to the design of 
large structures. This would provide a more rational, and arguably 
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Numerical Modelling of Materials 




1. NUMERICAL MODELLING OF MATERIALS 
This section describes how to implement a material model in a finite-element 
code. The first section describes the general theory; while sections 2 and 3 
focus on hardening and the specific parameters required to implement a 
Drucker-Prager model respectively; section 4 briefly describes and illustrates 
the modifications necessary for a two surface yield criteria. This appendix 
compliments the development of the embedded modulus technique described 
in chapter 3 and represents the combination of the description of finite-
element theory from a number of sources which were all drawn upon to 
create this summary [38,40,41,80,125,169] all of which were used to create 
this summary. 
1.1 General Rules 
The starting point for any material model is with the simple relation, 
εσσ &Doldnew +=  





















































The yield function F is analysed. If F is found to be greater than 0, a flow 
rule must be employed to relax the stresses such that F=0. This is called the 




return to the yield surface. See below for specific yield functions and flow 
rules. 
 
In order to return to the yield surface, the plastic deformation must be 
allocated both a direction and a magnitude. In associated flow, the direction 
is determined by the flow vector a, and the magnitude is governed by the 












= ελ  
This relationship only holds true while the strains are infinitesimal. 
Consequently, if an attempt is made to solve this explicitly, the solution will 
not be exact. F will not equal zero. Where this solution method is used, the 
phenomena known as “drift”  occurs. This is when the calculated solution 
gradually diverges from the correct solution. Reducing the size of each 
increment can significantly improve results from this method. 
 
The other approach is to use an implicit method where the solution is found 
iteratively. Only the fully implicit approach will be examined here. The fully 
implicit approach – the backward Euler method – allows an initial estimate 
of a and ∆λ to be based on the fully elastic stress. This is known as the trial 




stress. A new value of ∆ε is calculated and, thus, a new stress can be 
obtained. This stress is then used to calculate a new value of F. If F=0 is not 
satisfied, then the new stress is then adopted as the trial stress, and the 
process is repeated. This process is shown below: 
( )












TnTnn Da )1()1(1 +++ ∆−= λσσ  
nnn hYY λ∆+=+1  
( )( ) 0, 11 =++ nn YF κσ  
Where An, kn+1 and hn are hardening parameters which will be dealt with 
below. This process is shown diagrammatically in figure 1. 
 










Once the new values of stress and strain are calculated, they can be updated 
ready for use in the next increment. Abaqus also requires the tangent 
modulus to be updated. There are several ways of deriving the tangent 
modulus, but the method described here finds what is commonly termed the 
consistent tangent modulus. The “consistency”  is derived from the fact that it 
is derived using the results of the backward Euler method described above. 
Consequently, it recognises that the strains are not infinitesimal. This 
method of calculating the tangent modulus requires the double differential 
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and I is a 6×6 identity matrix, ∆λ is the sum of the plastic multipliers found 








The subscript n denotes that evaluation is conducted at the final stress found 
by the backward Euler method. 
1.2 Hardening 




The hardening of a material allows the yield surface to expand or displace, as 
well as for plastic flow to occur. Isotropic hardening allows the yield surface 
to expand, while kinematic hardening allows displacement to occur. This 
section will only consider the isotropic condition. The isotropic expansion of 
the yield surface is allowed by the modification of the parameter σo. To allow 
this to be correctly updated, the hardening modulus H must be found. From 







where dY denotes change in stress, and dεy
p change in plastic strain.  
 
Figure 2. Hardening curves; a) total strain; and b) plastic strain 
 
Two approaches can be used to derive these parameters; the work hardening 
hypothesis, or the strain hardening hypothesis. These allow the 
multidimensional plastic strain to be related to a uniaxial hardening diagram 
as shown in Figure 2. The plastic strain shown here is known as the 
equivalent plastic strain dεy
p. It can be shown for strain hardening that: 
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During the iteration process involved in the backward Euler method, these 
values are updated incrementally. Note that the lower case h is the 
incremental form of H. However, unlike a and F, the hardening parameters 
are not estimated from the trial stresses but from the previous increment. 
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1.3 Drucker-Prager Surface 
The equations shown in section 1.1. are in a general form; as such, they can 
be applied to any yield surface defined by the equation F(σ,Y(κ)) = 0. The 




model implemented here is a simple Drucker-Prager model. The derivations 
for the different parameters a and ∂a/∂σ can be found in literature [41] and 
are presented, but not derived, here. 
1.3.1 Yield Surface 
The yield surface in a Drucker-Prager model takes the form of a cone and can 
be written as: 
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The angle φ is the angle of friction of the material, and c is the cohesion of 
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1.3.2 The Flow Rule 
The flow rule can be found by differentiating the yield function. The general 
form of this is shown in section 1.1.1, the different parameters change 

































































































z −= σσ  
1.3.3 Hardening Parameters 
The hardening parameters which are unique to the Drucker-Prager yield 
surface can be derived for strain hardening and for work hardening. For 
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If hardening is defined as a uniaxial compressive curve then, for work 
hardening: 





































1.3.4 Consistent Tangent Modulus 
The final step in the calculations required is to form the consistent tangent 



























































and C2 and a2 are the same as for the single differential. 
1.4 Multi-surface yield criteria: Drucker-Prager 




The Drucker-Prager model described above is sufficient for many applications 
in concrete modelling. It has been used many times in the past with 
reasonable results. For this study, however, it is felt a slightly more complex 
model would be appropriate. There are several different ways that the 
Drucker-Prager model can be made more representative of real concrete. The 
yield surface can be made dependent on the third stress invariant. This 
allows the triaxial/biaxial compression to be more accurately modelled. 
Another modification can be made by modelling the compression/tension 
yield surfaces with different equations. This allows a more accurate 
representation of the relative tensile and compressive yield stresses. It also 
enables the hardening rules to be changed for compression and tension. Since 
the main aim for this model is to accurately model the compressive behaviour 
at high temperature, it is felt that separating these rules would be more 
beneficial to the model than using the third stress invariant to vary the shape 
of the yield surface. There is also significantly more scientific justification in 
terms of evidence. A large amount of work has investigated the tensile and 
compressive behaviour of high temperature concrete, while there is relatively 
little work about the tri-axial behaviour. Thus, this paper will focus on the 
development of a two yield surface criteria. It should be noted that this 
approach is not new, and has been attempted before and has also been 
implemented in commercial finite-element curves such as Abaqus. 
1.4.1 Conceptual Illustration 
The model is composed of two intersecting Drucker-Prager yield criteria 
(figure 3). Return to the yield surface is achieved in exactly the same way as 
with a single criterion yield surface. The only exception is in the singularity 
regions. A singularity region is generated from the point of intersection of the 




two yield surfaces. Any stress which lies in this region will be retuned to the 




Figure 3.  Multi-surface Drucker-Prager yield criterion; a) along the hydrostatic axis; 
















1. DESIGN OF GENERIC CONCRETE STRUCTURE 
Chapters four to seven present the results from a series of analyses on a 
generic concrete structure. Unfortunately, there were no pre-existing plans for 
a sufficiently simple structure available to the author. Thus, the structure 
was designed from scratch in accordance with Eurocodes 0, 1 and 2 [53-
55,57]. This appendix presents the final design specifications which were 
implemented in the finite-element model. To ensure that the structure was 
representative of a generic office building, the design was informed by 
existing designs and plans [9,158]. 
1.1 Layout and global geometry 
• The plan (Figure 1) is intended to be regular so that the causes of 
different structural effects can be better understood. 
• The proposed building is 42x28m and has nine stories. 
• There are 24 7x7m bays. 
• Inter-story height is 3.8m. 
• The bays of the building surround a central core. 
• Material properties and loading 
• The concrete design strength used in the columns is 48MPa. 
• The concrete design strength used in the slab is 40MPa. 
• Steel rebar strength is assumed to be 500MPa throughout the 
structure. 
• Imposed loading of 5kN/m2 was assumed for all the office space. 
• Imposed loading of 1.5kN/m2 was assumed for the roof. 
• Partial safety factors were assumed to be 1.5 and 1.15 for the imposed 
and permanent loads respectively. 




• Reduction factors were applied to imposed loads from multiple stories 
in accordance with NA 2.6. 
• The building was designed for 1 hour of fire resistance. 
 
 
Figure 1. Plan and elevation 
 
1.2 Structural design 
• The proposed form of construction is flat slab. 
• The slab is 200mm thick throughout. 
• A finite-element model of the proposed geometry was created, and the 
corresponding bending moments, shear forces and axial forces in the 
slabs and columns calculated. These can be found in appendix A and 
B. Once sections were sized, this analysis was re-run to check values 
were still within design allowances. 
• Based on the required capacities, each member was designed in 
accordance with Eurocode 2 [54]. 




• Edge columns were designed with 300x300mm sections. 
• Internal column were designed with 400x400mm sections. 
• Full details of the specification of the rebar for the columns are given 
below. The specifications for slabs are displayed on the same graphs as 
the bending moment calculations.  
1.3 Rebar Provision in Slabs and Columns 
The following pages show the various loadings and rebar provisions for the 



























































































































COLUMN A1:          
          
  1st floor 2nd floor 3rd floor 4th floor 5th floor 6th floor 7th floor 8th floor roof 
AXIAL FORCE -767.8 -733 -698.2 -610.2 -517.2 -416.9 -309.4 -194.7 -72.96 
X MOMENT BASE -9.665 -17.57 -16.19 -16.65 -16.72 -16.89 -17.01 -17.08 -16.85 
X MOMENT TOP 16.13 16.5 16.5 16.65 16.81 16.94 17.12 16.77 21.73 
Y MOMENT BASE 9.739 17.48 16.18 16.63 16.73 16.89 17.01 17.08 16.8 
Y MOMENT TOP -16.13 -16.47 -16.48 -16.65 -16.82 -16.94 -17.12 -16.8 -21.68 
X ROTATION BASE -4E-36 7E-05 5.7E-05 6.1E-05 6.1E-05 6.2E-05 6.2E-05 6.3E-05 6E-05 
X ROTATION TOP 8.2E-05 5.5E-05 6.2E-05 6.1E-05 6.2E-05 6.2E-05 6.3E-05 6.1E-05 0.00013 
Y ROTATION BASE -2E-36 7.1E-05 5.7E-05 6.1E-05 6.1E-05 6.2E-05 6.2E-05 6.3E-05 5.9E-05 
Y ROTATION TOP 8.3E-05 5.5E-05 6.2E-05 6.1E-05 6.2E-05 6.2E-05 6.3E-05 5.9E-05 0.00013 
Diameter 12 12 12 12 12 12 12 12 16 
Number 4 4 4 4 4 4 4 4 4 
          
COLUMN B1:          
          
  1st floor 2nd floor 3rd floor 4th floor 5th floor 6th floor 7th floor 8th floor roof 
AXIAL FORCE -1884 -1802 -1720 -1506 -1279 -1034 -769.9 -488.2 -188.7 
X MOMENT BASE 6.393 14.24 12.23 12.63 12.48 12.48 12.41 12.54 11.7 
X MOMENT TOP -11.96 -12.82 -12.53 -12.54 -12.47 -12.51 -12.18 -13.45 -9.13 
Y MOMENT BASE 20.54 43.7 39 40.7 41.27 41.97 42.53 42.63 43.28 
Y MOMENT TOP -37.31 -40.16 -40.11 -40.91 -41.66 -42.13 -43.14 -40.85 -56.76 
X ROTATION BASE -7E-36 0.00013 9.2E-05 0.0001 0.0001 0.00011 0.00011 0.00013 4.1E-05 
X ROTATION TOP 0.00017 8.7E-05 0.00011 0.00011 0.00011 0.00011 0.00012 7.9E-05 0.00028 
Y ROTATION BASE -1E-36 -1E-05 -1E-05 -1E-05 -1E-05 -1E-05 -1E-05 -9E-06 -1E-05 
Y ROTATION TOP -2E-05 -8E-06 -1E-05 -1E-05 -1E-05 -1E-05 -9E-06 -1E-05 -3E-06 
Diameter 12 12 12 12 12 12 12 12 16 
Number 4 4 4 4 4 4 4 4 4 
          
          
          
          




COLUMN C1:          
          
  1st floor 2nd floor 3rd floor 4th floor 5th floor 6th floor 7th floor 8th floor roof 
AXIAL FORCE -1739 -1667 -1594 -1398 -1189 -962.1 -717.9 -456.6 -178.3 
X MOMENT BASE -4.962 -11.4 -9.838 -10.23 -10.16 -10.21 -10.19 -10.3 -9.673 
X MOMENT TOP 9.446 10.28 10.11 10.19 10.18 10.25 10.03 11.12 7.021 
Y MOMENT BASE 18.97 40.99 36.8 38.65 38.98 39.7 40.39 40.51 41.56 
Y MOMENT TOP -34.71 -37.76 -37.97 -38.75 -39.33 -39.91 -41.12 -38.94 -56.03 
X ROTATION BASE -2E-36 0.00011 8.3E-05 9.5E-05 9.6E-05 0.0001 9.8E-05 0.00012 2.9E-05 
X ROTATION TOP 0.00015 8E-05 1E-04 9.8E-05 0.0001 0.0001 0.00011 7E-05 0.00028 
Y ROTATION BASE -6E-38 1.1E-08 -3E-08 -4E-08 -3E-08 -2E-08 9.4E-08 4E-07 -1E-07 
Y ROTATION TOP 4.9E-08 -4E-08 -3E-08 -4E-08 -4E-09 2.9E-08 3.1E-07 4.9E-08 -7E-07 
Diameter 12 12 12 12 12 12 12 12 16 
Number 4 4 4 4 4 4 4 4 4 
          
COLUMN A2:          
          
  1st floor 2nd floor 3rd floor 4th floor 5th floor 6th floor 7th floor 8th floor roof 
AXIAL FORCE -1901 -1820 -1738 -1523 -1295 -1047 -781.4 -497.2 -191.9 
X MOMENT BASE -20.51 -43.95 -39.12 -41.06 -41.65 -42.36 -42.91 -43.02 -43.96 
X MOMENT TOP 37.4 40.31 40.24 41.29 42.04 42.53 43.49 41.37 57.12 
Y MOMENT BASE -6.147 -14.04 -11.93 -12.31 -12.12 -12.1 -12.01 -12.11 -11.35 
Y MOMENT TOP 11.68 12.56 12.22 12.2 12.1 12.12 11.79 13.02 8.519 
X ROTATION BASE -3E-36 -2E-05 -9E-06 -1E-05 -1E-05 -1E-05 -9E-06 -1E-05 -9E-06 
X ROTATION TOP -2E-05 -7E-06 -1E-05 -1E-05 -9E-06 -9E-06 -9E-06 -7E-06 4.1E-07 
Y ROTATION BASE -6E-36 0.00013 9.3E-05 0.00011 0.00011 0.00011 0.00011 0.00013 4.1E-05 
Y ROTATION TOP 0.00017 8.8E-05 0.00011 0.00011 0.00011 0.00011 0.00012 8E-05 0.00028 
Diameter 12 12 12 12 12 12 12 12 16 
Number 4 4 4 4 4 4 4 4 4 
          
          
          
          
          
          




COLUMN B2:          
          
  1st floor 2nd floor 3rd floor 4th floor 5th floor 6th floor 7th floor 8th floor roof 
AXIAL FORCE -4606 -4377 -4151 -3614 -3053 -2453 -1815 -1137 -414.8 
X MOMENT BASE 12.04 30.31 25.48 26.66 26.01 26.01 25.82 26.11 24.36 
X MOMENT TOP -24.14 -27.03 -25.87 -26.21 -26 -26.03 -25.43 -27.69 -17.82 
Y MOMENT BASE -11.45 -29.3 -24.83 -26.19 -25.72 -25.86 -25.8 -26.08 -24.76 
Y MOMENT TOP 23.14 26.23 25.3 25.83 25.79 25.92 25.52 27.44 19.28 
X ROTATION BASE 5E-37 -3E-05 -1E-05 -1E-05 -1E-05 -9E-06 -8E-06 -6E-06 -1E-05 
X ROTATION TOP -3E-05 -8E-06 -1E-05 -9E-06 -8E-06 -7E-06 -6E-06 -9E-06 1.7E-05 
Y ROTATION BASE 2.1E-36 -3E-05 -1E-05 -1E-05 -1E-05 -1E-05 -9E-06 -7E-06 -1E-05 
Y ROTATION TOP -3E-05 -1E-05 -1E-05 -1E-05 -9E-06 -8E-06 -7E-06 -1E-05 9.1E-06 
Diameter 20 16 12 12 12 12 12 12 12 
Number 4 4 4 4 4 4 4 4 4 
          
COLUMN C2:          
          
  1st floor 2nd floor 3rd floor 4th floor 5th floor 6th floor 7th floor 8th floor roof 
AXIAL FORCE -4345 -4144 -3944 -3445 -2918 -2352 -1747 -1103 -418.1 
X MOMENT BASE -9.385 -23.47 -20.23 -21.05 -20.81 -20.91 -20.87 -21.12 -19.78 
X MOMENT TOP 18.73 21.01 20.58 20.88 20.86 20.97 20.61 22.43 14.48 
Y MOMENT BASE -10.97 -28.24 -24.52 -25.99 -25.88 -26.23 -26.36 -26.67 -25.81 
Y MOMENT TOP 22.19 25.46 25.11 25.85 26.06 26.35 26.24 27.6 22.38 
X ROTATION BASE -5E-37 -2E-05 -1E-05 -1E-05 -1E-05 -1E-05 -9E-06 -9E-06 -7E-06 
X ROTATION TOP -3E-05 -8E-06 -1E-05 -9E-06 -9E-06 -9E-06 -9E-06 -8E-06 -2E-06 
Y ROTATION BASE 0 1.7E-08 -2E-08 -1E-08 -6E-09 5.1E-09 4.1E-09 3E-08 6.5E-09 
Y ROTATION TOP 7.1E-08 -3E-08 -8E-09 -5E-09 1.8E-09 6.8E-09 2E-08 -3E-09 1.4E-07 
Diameter 12 12 12 12 12 12 12 12 12 
Number 4 4 4 4 4 4 4 4 4 
          
          
          
          
          
          




COLUMN A3:          
          
  1st floor 2nd floor 3rd floor 4th floor 5th floor 6th floor 7th floor 8th floor roof 
AXIAL FORCE -1793 -1717 -1639 -1434 -1216 -979.3 -724.7 -452.5 -186.1 
X MOMENT BASE -19.14 -41.62 -37.18 -39.17 -39.74 -40.4 -41.11 -40.19 -38.91 
X MOMENT TOP 35.16 38.23 38.36 39.38 40.2 40.28 42.9 36.97 54.85 
Y MOMENT BASE 5.366 11.53 10.03 10.34 10.24 10.25 10.19 10.33 9.504 
Y MOMENT TOP -9.835 -10.46 -10.25 -10.27 -10.23 -10.29 -9.974 -11.27 -6.881 
X ROTATION BASE -3E-36 1.4E-06 1.3E-06 1.8E-06 1.3E-06 2.7E-06 -4E-06 2.4E-05 -2E-05 
X ROTATION TOP 8.2E-07 1.4E-06 1.6E-06 1.3E-06 1.9E-06 -1E-06 1.2E-05 -2E-05 2E-05 
Y ROTATION BASE -6E-36 0.00012 8.6E-05 9.7E-05 9.7E-05 0.0001 9.8E-05 0.00012 3.5E-05 
Y ROTATION TOP 0.00016 8E-05 0.0001 9.9E-05 0.0001 0.0001 0.00011 7.2E-05 0.00026 
Diameter 12 12 12 12 12 12 12 12 16 
Number 4 4 4 4 4 4 4 4 4 
          
COLUMN B3:          
          
  1st floor 2nd floor 3rd floor 4th floor 5th floor 6th floor 7th floor 8th floor roof 
AXIAL FORCE -3549 -3349 -3155 -2728 -2287 -1820 -1327 -806.8 -295.2 
X MOMENT BASE 12.74 32.9 30.06 32.31 33.31 34.28 35.11 35.18 34.95 
X MOMENT TOP -25.45 -30.24 -31.31 -32.75 -33.83 -34.55 -35.82 -33.34 -41.07 
Y MOMENT BASE 4.998 11.85 -11.57 -14.08 -15.8 -17.3 -18.41 -19.54 -26.79 
Y MOMENT TOP -9.927 10.6 12.66 14.81 16.51 17.96 18.54 21 36.44 
X ROTATION BASE -3E-36 -6E-06 -1E-05 -2E-05 -2E-05 -3E-05 -3E-05 -4E-05 1.1E-05 
X ROTATION TOP -1E-05 -2E-05 -2E-05 -3E-05 -3E-05 -4E-05 -4E-05 -2E-05 -0.0002 
Y ROTATION BASE 6.7E-36 -7E-05 -6E-05 -7E-05 -7E-05 -8E-05 -7E-05 -0.0001 -8E-06 
Y ROTATION TOP -9E-05 -6E-05 -8E-05 -8E-05 -8E-05 -8E-05 -1E-04 -3E-05 -0.0002 
Diameter 12 12 12 12 12 12 12 12 12 
Number 4 4 4 4 4 4 4 4 4 
          
          
          
          
          
          




COLUMN C3:          
          
  1st floor 2nd floor 3rd floor 4th floor 5th floor 6th floor 7th floor 8th floor roof 
AXIAL FORCE -2200 -2056 -1922 -1653 -1381 -1097 -799.6 -487.7 -156.6 
X MOMENT BASE -5.745 -14.84 -12.83 -13.42 -13.42 -13.52 -13.54 -13.73 -12.52 
X MOMENT TOP 11.67 13.4 13.21 13.4 13.46 13.58 13.41 14.53 8.714 
Y MOMENT BASE -9.748 -26.76 -29.5 -34.76 -38.47 -41.5 -44.07 -44.47 -50.62 
Y MOMENT TOP 19.59 27.5 32.2 36.55 40.04 42.43 46.01 39.55 77.08 
X ROTATION BASE -3E-38 -7E-05 -7E-05 -8E-05 -1E-04 -0.0001 -0.0001 -0.0001 -1E-05 
X ROTATION TOP -0.0001 -8E-05 -1E-04 -0.0001 -0.0001 -0.0001 -0.0001 -8E-05 -0.0004 
Y ROTATION BASE 2.6E-37 3E-07 2.8E-07 3.2E-07 4.1E-07 5.9E-07 6.8E-09 3.1E-06 -5E-06 
Y ROTATION TOP 4.8E-07 3E-07 4E-07 4.8E-07 5.7E-07 3.2E-07 1.8E-06 -4E-06 4.7E-06 
Diameter 12 12 12 12 12 12 12 16 20 
Number 4 4 4 4 4 4 4 4 4 
          
COLUMN A4:          
          
  1st floor 2nd floor 3rd floor 4th floor 5th floor 6th floor 7th floor 8th floor roof 
AXIAL FORCE -1804 -1722 -1637 -1426 -1201 -958.6 -698 -419.9 -186.8 
X MOMENT BASE -19.37 -41.86 -37.6 -39.47 -39.82 -40.23 -40.96 -39.06 -36.38 
X MOMENT TOP 35.42 38.54 38.79 39.55 40.24 39.76 43.89 33.91 52.45 
Y MOMENT BASE -4.994 -10.82 -9.42 -9.731 -9.655 -9.679 -9.64 -9.795 -8.97 
Y MOMENT TOP 9.189 9.81 9.64 9.682 9.658 9.73 9.428 10.72 6.424 
X ROTATION BASE -4E-37 -8E-10 6.2E-08 -2E-08 4.3E-07 -1E-06 7.1E-06 -2E-05 3.2E-05 
X ROTATION TOP 1.8E-08 5.4E-08 5.8E-08 2.7E-07 -6E-07 3.5E-06 -1E-05 2.8E-05 -3E-05 
Y ROTATION BASE -7E-36 0.00013 8.7E-05 9.8E-05 9.8E-05 0.0001 9.8E-05 0.00012 3.8E-05 
Y ROTATION TOP 0.00016 8.1E-05 0.0001 9.9E-05 0.0001 0.0001 0.00011 7.2E-05 0.00025 
Diameter 12 12 12 12 12 12 12 16 16 
Number 4 4 4 4 4 4 4 4 4 
          
          
          
          
          
          




COLUMN B4:          
          
  1st floor 2nd floor 3rd floor 4th floor 5th floor 6th floor 7th floor 8th floor roof 
AXIAL FORCE -2431 -2235 -2053 -1730 -1407 -1077 -734.6 -377.8 -139.3 
X MOMENT BASE 13.95 36.39 36.15 40.88 43.77 46.39 48.48 48.41 51.31 
X MOMENT TOP -27.75 -35.31 -38.68 -42.2 -45.18 -47.07 -50.3 -43.7 -74.6 
Y MOMENT BASE -5.414 -13.76 -11.98 -12.6 -12.65 -12.8 -12.83 -13.11 -12.06 
Y MOMENT TOP 10.89 12.47 12.37 12.6 12.71 12.89 12.63 14.24 7.964 
X ROTATION BASE 4.5E-37 2.9E-07 1.3E-07 2E-07 1E-07 -3E-08 1.1E-06 -4E-06 8.3E-06 
X ROTATION TOP 3.6E-07 8.5E-08 1.9E-07 6.8E-08 1.1E-07 5.8E-07 -2E-06 8.2E-06 -4E-05 
Y ROTATION BASE 2.7E-36 -9E-05 -8E-05 -1E-04 -0.0001 -0.0001 -0.0001 -0.0001 -3E-05 
Y ROTATION TOP -0.0001 -9E-05 -0.0001 -0.0001 -0.0001 -0.0001 -0.0001 -9E-05 -0.0003 
Diameter 12 12 12 12 12 12 12 12 16 








1.2 Sensitivity Studies 
Several finite-element models of the above structure were created. The most 
complex was the model that was exposed to a series of fires as described in 
chapters five to seven. To develop this model and ensure that the conclusions 
drawn in the various chapters were appropriate, a series of sensitivity studies 
were conducted. The final results of the various sensitivity studies are 
presented below. Though they are presented sequentially, it should be noted 
that the process was an iterative one, whereby the interaction of each of the 
parameters was analysed.  
 
In this sensitivity study, there were two driving motivations: firstly to ensure 
that the model was numerically stable; and secondly to ensure that the 
numerical stability did not compromise the results of the analyses. The need 
for stability was paramount, as the model had to be capable of running with 
any number of different fires, and each analysis had to be directly 
comparable. It was not possible, therefore, to reduce the time step, or use 
extra damping with only one particularly unstable model. Each of the models 
had to be exactly the same with the exception of the design fire. 
 
Each of the sensitivity studies was a model of the concrete structure exposed 
to the “base case”  25% burn area fire. The results are reported in terms of 
the maximum deflection obtained and given in terms of their own variation. 
1.2.1 Mesh Sensitivity 
1.2.1.1  Slab Mesh 




The refinement of the shell mesh in the slab was changed to allow the overall 
impact if the fire to be assessed. Figure 1 shows the deflection as a function 
of element size. It can be seen that only very minor changes are induced by 
refining the shell mesh. It is also notable that only the coarsest shell 
refinement remains numerically stable throughout the analysis. It was, 
therefore, decided to use shell elements of an average size of 0.4375m; that is 




















Figure 1. Shell mesh sensitivity. 
1.2.1.2  Vertical Column Refinement 
The vertical refinement of the column mesh was changed to allow the 
sensitivity to be studied. The 3.8m high columns were modelled with 8, 10, 
12, 14, 16, 18, 20, 22, 24, and 26 elements. Figure 2 show the variation in 
defection as the element size in the column mesh is changed. It can be seen 
that there is significant variation due to element size. There is an obvious 
convergence towards a single value at the intersect of the line with the y-axis; 
a best fit line shows that this intersect is at -0.3572m. It was decided to use 
an element size of 0.21m (or 18 elements per column height). This allowed 




the simulation to take place in a non-prohibitively long time (t<48hrs on 4 
processors); and allowed a relatively close match to the maximum refinement 
used (9.7%).  
 
It must be acknowledged though that the total error from the predicted 
intersection with the y-axis is almost 20%. In most cases this would be 
unsatisfactory; however, in the case of the modelling of concrete columns at 
high temperature, the use of solid elements was the only viable option for the 
more realistic representation of differential heating across elements. Though 
beam elements are available within the Abaqus package, they can only be 
modelled with four temperature definition points and cannot be used with a 
material model that can adequately represent concrete. 
 
It was decided, therefore, that though not an ideal solution, the modelling of 
the columns with a fairly refined mesh of solid elements was the best option 
available. Other authors have encountered this problem and have 
implemented a similar solution [15].  
























Figure 2. Sensitivity to vertical column mesh 
 
1.2.1.3  Column Lateral Refinement 
A similar study was conducted on the lateral refinement of the column mesh. 
It was found that deflections were less highly influenced by the number of 
elements present laterally in the column (Figure 3). However, it was also 
found that the model was numerically unstable when a small number of 
elements were used and that the simulations were very slow when a large 
number of elements were used. It was decided therefore to use an 8×8 
element mesh. This was much more refined than the mesh used in previous 
studies [15]. 
 

























Figure 3. Sensitivity to number of element laterally across column. 
 
1.2.2 Tension Sensitivity 
The finite-element model was very sensitive to variations in the tension 
definition. It was found that minor changes in the tension material model 
could result in very little change in the global behaviour of the structure, but 
could cause numerical instabilities to arise. A number of studies were 
conducted to analyse the influence of tension definition on the model. The 
ultimate tensile strength was varied, as was the fracture energy used to 
model the tension softening. The fracture energy was varied through the use 
of tension stiffening.  
1.2.2.1  Ultimate tensile strength 
There are a number of possible values that can be used for the ultimate 
tensile strength of concrete. As described in chapter two, the variation in 
parameters is complex and is often determined by the specific mix of 
concrete. Three different methods for deriving the values were used in this 
work: the method given by Rots [138]; the method by Shah [145]; and the 




values defined in the Eurocode [54]. Though each of these parameters was 
studied in conjunction with fracture energy, to avoid confusion, only a single 














Figure 4. Sensitivity to ultimate tensile strength. 
 
The tension properties were varied separately in the columns and in the slabs 
to allow the relative effects to be studied. It can be see from figure 4 that 
changing the value of ultimate tensile stress causes only relatively small 
changes in the total deflections. The differences are 4.6% by varying the 
properties of the columns and 1.9% by varying the properties of the slab. The 
aim of the modelling was to be as consistent to the Eurocode as possible 
while maintaining the stability of the model. It was decided therefore to use 
the Eurocode values of tension in the slab, but use the values given in the 
“Fracture Mechanics”  book by Saha in the columns. It was only in using the 
values given by Saha that the model became sufficiently stable to be used 




multiple times. Since this gave an error of only 4.6% it was decided that this 
was acceptable. 
1.2.2.2  Fracture Energy 
A number of different fracture energies are available from literature 
[22,23,33,50]. It was found that the use of fracture energies recommended in 
the FIB code resulted in models that were very numerically unstable. The 
sensitivity study was therefore conducted to establish what degree of 
influence the fracture energy had over the global behaviour of the model. The 
fracture energies were varied in the columns and in the slabs independently 





















Figure 5. Variation of fracture energy in the material properties of the slab and 
column. 
 
The sensitivity study showed that the solid-element columns were very 
numerically unstable at low fracture energies. Indeed, the only simulation 
which remained stable throughout was where ductile tensile properties were 
assumed. This gave an error of 0.3% relative to the deflection obtained at the 




lowest fracture energy that produced a reliable result. It was decided that 
this small error was acceptable as the majority of the columns were likely to 
remain in compression due to the high axial loads they were carrying.  
 
The slabs were more stable at lower fracture energies; however, when fracture 
energies lower than 454N/m were used, some instability remained. It was 
decided therefore to use the artificially high fracture energy of 1085N/m to 
allow repeatability of the simulation with different fires. This compromise led 
to an error of 3.4% when compared to the minimum value of fracture energy 
successfully applied. It should also be noted that unlike the mesh sensitivity 
studies, the fracture energy study did not clearly indicate convergence. It is 









Response and Capacity of Structure 




1. RESPONSE AND CAPACITY OF STRUCTURE 
In chapter five, the generic concrete structure is exposed to a number of 
different fires. Example plots are given to show the changes in loading and 
capacity which the columns in the building experience. For reference, this 
appendix provides the full set of plots for each building. The imposed loading, 
and sectional capacity at key points during the analysis are presented.  
 
The data for three different fires are presented: the standard fire; the “short 
hot”  fire; and the “ long cool”  fire. The graphs are numbered in accordance 
with their job number: 901 refers to the Standard Fire; 902 refers to the 
“short hot”  fire; 903 refers to the “ long cool”  fire; and 905 refers to the 5% 
burn area base case fire. 
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Interaction Diagrams for Ambient and Heated Concrete Sections 
 
Angus Law1, Martin Gillie2 
 
ABSTRACT 
Bending moment axial force interaction diagrams are  commonly used tool in any design office. 
When designing for fire conditions, the large axial forces which develop place an additional 
importance on the consideration of the interplay betwe n axial forces and moments. This paper 
presents a new method for calculating the biaxial bending moment/axial force capacity for a general 
section through the use of the sectional tangent stiffness. A beam-column section subject to fire is 
assessed, and comparisons made with simplified design tools. It is concluded that derivation of the 
interaction surface from the tangent stiffness matrix is possible, and that current simplified methods 
for fire design cannot be assumed conservative. 
 
Keywords 




The design of reinforced concrete sections requires th  specification of a number of parameters such 
as the section breadth and depth; the area of steel; and the strengths of the concrete and steel. Where a 
section is subject to both an axial force and bending moments about one or both axes, interaction 
diagrams are commonly used to determine the area of steel required to resist the moments and forces 
to which the section is subjected. Structural design codes (e.g. Eurocode 2 [1]) often provide 
interaction diagrams for use with typical concrete sections at ambient temperature that allow the user
to circumvent the cumbersome calculations necessary to determine suitable section parameters 
directly. However, there are many situations, such as fire loading, where structural engineers may 
need interaction diagrams for sections which are not covered by the standard cases. In these 
circumstances it is necessary to produce interaction diagrams from first principles. 
 
This paper considers the creation, use and reliability of interaction diagrams for concrete sections; i  
particular those subject to fire loading. One of the problems frequently encountered in structural fire
engineering is that of the definition of failure. The motivation for creating interaction diagrams for
sections at high temperature lies in the difficulty of defining failure for a single element. Often failure 
                                     
1 Address: BRE Centre for Fire Safety Engineering, The School of Engineering and Electronics, The 
University of Edinburgh, The King’s Buildings, Mayfield Road, Edinburgh, EH9 3JL, Scotland. 
Email: A.Law@ed.ac.uk Tel: +44 (0)131 650 7241, Fax: +44 (0)131 650 6781 
2 Address: BRE Centre for Fire Safety Engineering, The School of Engineering and Electronics, The 
University of Edinburgh, The King’s Buildings, Mayfield Road, Edinburgh, EH9 3JL, Scotland. 
Email: M.Gillie@ed.ac.uk Tel: +44 (0)131 650 7204, Fax: +44 (0)131 650 6781 




of heated sections is loosely defined as the beginning of run-away deflections, or the time at which 
steel reinforcement reaches a pre-determined temperatur , but such definitions are too vague to lead to 
efficient design. The use of carefully prepared interaction diagrams allows for a much tighter 
definition of section failure. Although a full understanding of the failure process requires global 
structural modelling, the use of an interaction diagram in conjunction with knowledge of the loading 
state of a section allows an engineer to determine how close a single member is to failure. 
 
The first section of the paper reviews the available methods for constructing interaction diagrams for 
use in the design and also the assessment of concrete sections. It highlights the difficulties associated 
with obtaining interaction diagrams for determining ultimate capacity using existing methods. A new 
method of creating two- or three-dimensional interaction diagrams of sections under any temperature 
field based the tangent stiffness matrix of a section is then presented. It is anticipated that this 
technique will allow design engineers to make rapid assessments of the capacity of any concrete 
section when subject to arbitrary fire loading. The m thod can be implemented easily in any of the 
programming languages or mathematical analysis packages commonly available in design offices. . 
Finally the paper makes comparisons between using interaction diagrams constructed using this 
method to design heated concrete sections, and existing Eurocode design methods. It is concluded that 
current methods are not conservative. 
 
2 CREATING INTERACTION DIAGRAMS – EXISTING METHODS 
 
2.1 Interaction Diagrams for Ambient Temperature Design 
 
Interaction diagrams used for design are based on the assumption that there is a maximum allowable 
concrete compressive strain which prevents concrete crushing (Fig. 1). It is also frequently assumed 
that plane sections remain plane, that the tensile strength of concrete is negligible [2-4] and that the
concrete stress distribution can be represented by a rectangular stress-block [5, 6]. From these 
assumptions, the derivation of an interaction diagram is relatively simple. By holding extreme fibre 
strains at the maximum permissible value while curvature is varied, moment and axial force (M-N) 
pairs that lie on the interaction diagram for the section can be obtained by appropriate integrations of 
the resulting stresses over the section. 
 
Figure 1. The development of a stress block from first principles. 
 




This method enables the creation of interaction curves in uniaxial bending, and also interaction 
surfaces when biaxial bending is considered. The method is efficient because each M-N pair 
calculated is know to lie on the design interaction curve due to the assumption of a maximum 
permissible concrete strain. Diagrams produced this way can either be used directly or be normalised 
appropriately to allow the engineer to specify the s ction properties. However, because the 
assumptions made regarding maximum strain and the size of the associated stress block are design 
assumptions (which may include safety factors), the int raction diagrams obtained are not indications 
of failure strength, but rather show an appropriate conservative design capacity. 
 
2.2 Interaction Diagrams for Assessment 
 
Assessment of the ultimate, rather than design, capacity of a section may be required in a number of 
situations, including that of assessing the strength of a section under fire loading. Assessing ultimae 
capacity requires a different approach to that used for assessing design capacity. The assumption of a 
maximum fixed permissible concrete strain cannot be made because, for heated sections, the ultimate 
strain is temperature dependent and, consequently, the maximum moment capacity may occur at 
curvature that induces a strain greater than, or less than, the strain required to crush the concrete in 
different parts of the section. Similarly, a realistic concrete stress-strain relationship should be used, 
rather than a simplified stress block. Since the maxi um compressive strain is not limited, it is no 
longer straightforward to find strain-curvature pairs that lie on the interaction curve for a section. 
 
Several methods for obtaining interaction diagrams when maximum compressive strains are not 
specified have been presented. The simplest rely on variations of a “brute force” approach in which a 
section is analysed for many combinations of εa and κ; appropriate integrations of the section stresses 
are then used to plot a point in M-N space for each combination. Assembly of all these points gives a 
“cloud” of points which are all inside or on the interaction curve [7-9]. By connecting the outer-most 
points in this cloud, the interaction curve can be drawn. Figure 2c demonstrates the generation of a 
number points which would contribute to the cloud of data. A significant problem with this method is 
that there is no clear way of determining which points lie on the interaction curve and which points lie 
just inside it, so determining the interaction curve from a cloud of points is awkward. These problems 
are magnified if biaxial bending is considered and  interaction surface required. The method is also
computationally expensive as many integrations of the stresses over the section are required. 
 
An alternative approach to integrating stresses over an entire section is to use the “rapid exact” 
inelastic biaxial bending analysis technique [10, 11] which allows very efficient analytical integration 
of the stresses. This method relies on Green’s Theorem [12] to convert the costly double integration of 
stresses over a section to a highly efficient line int gral around the section boundary. Implementation 
of the method requires the stress-strain relationships of the materials be analytically integrable butcan 
be applied to any cross-section. Although computation lly much more efficient than simple brute-
force methods, the problem of identifying points that lie on the interaction diagram remains. 
 
2.3 Section Analysis at High Temperatures 
 
Exposure of a concrete section to a fire, and the resulting temperature increase cause the capacity to 
reduce and the shape of the failure surface to change. I  design, several methods are available for 
assessment of a heated member’s capacity [13]. The most commonly used and simplest is the 500ºC 




isotherm method [14, 15]. This method allows the design bending capacity of a heated section to be 
calculated based on the assumption that concrete retains its full strength below 500ºC and has 
negligible strength above 500ºC. Reinforcement material properties are calculated based on centre-
line temperatures. The design capacity is assessed using the stress block method based on accidental 
limit-state (fire) partial safety factors. This approach avoids the need to calculate an interaction 
diagram altogether but is very crude can be unconservative, as will be demonstrated later in this study.  
 
Several authors have created M-N interaction diagrams for sections at high temperatures [7, 16, 17], 
and others have created moment-curvature relationships based on similar assumptions [3, 18, 19]. 
These studies have predominantly focussed on uniaxial bending. In order to create interaction 
diagrams for heated sections, it is necessary to corre tly represent the degradation of material 
properties caused by temperature and also to represent the strains due to thermal expansion. The 
effects of concrete spalling on section capacity can be included by the adjustment of the geometry of 
the section. Once these effects have been taken into account, it is then in principle possible to create 
an interaction diagram using any of the (non-design) methods outlined above. However, in practice 
each method has practical difficulties when used at high temperature.  
 
 “Brute-force” methods are relatively simple to implement for heated sections but the problems 
associated with these for ambient temperature analyses are amplified for high temperature analyses as 
a new diagram must be generated for every cross-sectional temperature distribution. The rapid exact 
method becomes unwieldy at high temperatures for tw reasons. First, the stress-strain relationship of 
concrete becomes more complex and this makes it difficult to integrate with respect to strain. Second, 
as the integration is over a region of both non-uniform strain and temperature, the stress-strain curve 
must be integrated with respect to the both change in strain and change in temperature over the region. 
 
3 AN ALTERNATIVE - THE TANGENT MODULUS METHOD 
 
In this section an alternative method is proposed to create interaction diagrams for sections both at 
ambient temperature and when heated by exploiting ta ent stiffness matrices. The method has the 
key benefit of bypassing the difficulties in determining M-N pairs that lie exactly on an interaction 




Although typically used in structural stability calu ations as part of Shandley’s tangent modulus 
equation [8], tangent stiffness matrices can also be used to locate failure surfaces. A section’s tangent 
stiffness matrix relates small changes in generalized strains (typically an axial strain and two 
curvatures are needed for the analysis of biaxial bending of concrete sections) to small changes in the 
corresponding stress-resultants (an axial force and two bending moments). When a section’s response 
is non-linear, the tangent stiffness matrix is distinct from the elastic stiffness matrix. For the setof 
stress-resultants mentioned, the relationship between incremental stress-resultants, tangent stiffness 
matrix, and incremental generalized strains of a section can be written in the standard form: 
 


























































 εKF δδ = , (2) 




































The set of stress-resultants that lie on the failure surface of a section are those that arise when an 
incremental change in the generalized strain vector result in δF=0. That is, stress-resultants on the 
failure surface are those that occur when K is singular, or 
 ( ) 0det =K  (4) 
 
This fact can be used to determine stress-resultant vectors, F, for a section that are located on the 










Implementation of the tangent stiffness method for constructing interaction diagrams will be discussed 
with reference to a simple section at ambient temperature. The section dimensions and properties are 
shown in Fig. 2a. Assumptions made in this implementation are: plane sections remain plane; the 




concrete compressive stress-strain behaviour is as given in Eurocode 2 [21]; the tensile strength of 
concrete is zero; the stress-strain relationship of steel is elasto-plastic; and there is no bond slip 
between steel and concrete. Each of these assumptions has been made in various combinations by 
other authors [2, 9, 22]. They result in a marginally conservative estimate of strength (with the 
exception of bond slip). 









Figure 2. a) Arrangement of the section, and materil properties; b) Change of the determinant of the 
stiffness matrix with respect to curvature for two values of axial strain; c) Interaction plot for two 
different values of axial strain with varying curvature; d) Conceptual illustration of the search 
algorithm used for identifying strain-curvature points on the interaction diagram. Points where the 
stiffness matrix determinant is singular (circles) lie between curvatures that cause the determinant to 
change sign. The precise location of singularities b tween such curvatures is found using the secant 
method. 
 
To produce the interaction curve for the section subject to uniaxial bending (κy=0), values of curvature 
for which ( ) 0det =K were found for discrete values of axial strain. These curvatures were identified 
using the Secant method, in conjunction with a simple search function to identify the neighbourhoods 
where ( )Kdet approached zero. For example, variation of ( )Kdet  against curvature for axial strain 
values of εa = -0.002 and 0.002 is shown in Fig. 2b. Points where ( ) 0d t =K are marked as 
singularities on the figure; each of these represents a point on the interaction curve in terms of strain 
and curvature. Step changes in the value of ( )Kdet , caused by yielding of the reinforcement in either 
compression or tension, are marked by B on the figure. The corresponding curves in terms of moment 
and axial force are plotted in Fig. 2c. Fig. 2d illustrates conceptually an effective search algorithm for 
finding points where ( ) 0det =K . For incremental values of axial strain the determinant is evaluated at 
a number of curvatures. A change in the sign of the determinant between curvature values indicates 




that a region where a singularity occurs has been rached. Once the singularity region is located, the 
secant method can be invoked to locate the precise location of the highlighted singularities. 
 
Once strain vectors that lay on the interaction surface had been determined, numerical integration was 
used to compute K  and the corresponding F. The final interaction curve in terms of force and moment 
is shown in Fig. 3b. 
  
a)  b)  
Figure 3. a) Geometry, boundary conditions, and loading of the finite element model; b) Interaction 
diagram from tangent modulus method (bold) and the full field of data generated by the finite-element 
model. 
 
The procedure was easily extended to produce interaction surfaces corresponding to biaxial bending 
by introducing variations to κy. This was achieved by the use of a parameter which defined κy as a 
ratio of κx. Variation of this parameter from a large negative ratio to a large positive number ratio (e.g. 
-100.0 to 100.0) gave the full range of the biaxial failure surface, where a value of zero gave uniaxial 
bending about the x-axis. This full surface is shown in Fig. 4a and discussed in more detail below. 
 
Presentation of interaction curves for uniaxial bending is well established and straightforward (e.g. Fi  
2b). Presentation of interaction surfaces for biaxial bending in a form readily accessible to the design 
engineer is less easy. The presentation of a surface plot (Fig 4a) is not terribly useful in this respct. 
Visualisation choices are often dependent on the purpose for which the plot to be used. For generality, 
the plots in this study are presented as Mx, N interaction diagrams with multiple curves representing 
different values of My (Figs 4b and 4c). Thus, a large amount of information can be summarised on 
one diagram (Fig. 4d). The process employed to create these diagrams is shown sequentially in Fig 4. 
A single plot is sufficient for a member with a minimum of one axis of symmetry. However, where a 
section is entirely asymmetric, two diagrams may be required to encompass all of the information. In 
design, the tensile capacity of concrete sections is not normally considered. As such, just the 
compressive capacities are presented in this paper. 








Figure 4. a) Surface plotted through all points; b) Slice taken through uniaxial bending plane; c) 
Multiple slices taken at different values of My; d) Surface removed, plot rotated and viewed from one




Verification of the above implementation was undertaken by comparing the results with finite element 
analyses of the same problem. A stocky cross-section of the section was subject to a series of 
strain/curvature analyses using the finite-element program Abaqus [23] (effectively a brute-force type 
of analysis). The analyses were conducted on a single beam element, and the effects of non-linear 
geometry were neglected (to ensure a purely sectional a alysis). The arrangement of the model is 
shown in Fig. 3a. The full “cloud” of data resulting from the finite element analyses and the failure 
curve resulting from employing the tangent modulus method are shown in Fig. 3b. The outer points in 
the data from the finite element analyses are in good agreement with the interaction curve predicted by 








Applying a tangent stiffness analysis to a heated section is very similar to applying it to a section at 
ambient temperature. However, the assumption of plane sections remaining plane must be examined 
more closely.  
 
In unloaded axially and flexurally restrained members, the mechanical strain in any fibre is equal to 
the thermal strain. Thermal strains, therefore, directly induce stresses within the member. In 
unrestrained members, this is not the case; thermal strains induce changes in curvature and length, but 
no net moment or force [24]. Instead, they produce a deflection and internal self equilibrating internal 
stresses. The forces in the section balance as someregions are in compression, and some are in 
tension. In an unrestrained member, this leads to an initial mechanical strain state which is not zero. 
Thus, it has been recognised that to obtain valid load-axial strain or moment-curvature relationships, 
adjustments must be made to the initial state of the s rain field to compensate for the thermal strain. In 
symmetrically heated sections, this can be done by the application of an axial strain to cancel out the
axial force. The axial strain is calculated iteratively, such that the forces due to the combination of 
axial strain and thermal strain are in equilibrium [3].
 
Where a section is non-symmetrically heated, and thermal curvature is induced, the procedure is more 
complicated, but similar. Instead of the application f axial strain to equilibrate the axial force, a 
curvature and an axial strain must be applied until both the internal moment and axial force are in 
equilibrium. Where biaxial moments are introduced, quilibrium must be obtained by the adjustment 
of biaxial curvatures and axial strains.  
 
Application of the initial strain state and subsequnt calculation of the sectional yield surface allows 
the surface to be drawn for a cross section without reference to the member boundary conditions. In 
the case where an axial member remains un-restrained, no axial force will develop, and the loading 
state can be plotted from the applied bending moments. On the other hand, where a member is fully 
restrained the axial loading the member undergoes can be derived from simple calculations, or a finite 
element model. In this situation, the axial load would be equal and opposite to the axial load due to the 
initial strain state [25]. Likewise, in a flexurally unrestrained member no net bending moment would 
be induced by the thermal curvature. In the case whre a member is at least partially restrained in 




The section described and analysed above was now assumed to be uniformly exposed to a gas 
temperature of 600ºC for one hour. A heat-transfer analysis was conducted using material properties 
from Eurocode 2 for calcareous concrete as inputs to the finite-element program Abaqus. The 
temperature distribution in the column at one hour is shown in Fig. 5a. Subsequently, mechanical 
analysis using the tangent stiffness method was undertaken to determine the interaction curve after 
one hour of heating. The steel stiffness and strengh degradation rates given in Eurocode 2 were 
approximated to those of a perfectly elasto-plastic material and used in this analysis. A direct 
comparison between the uniaixal capacities of the ambient and heated sections can be made; Fig. 5b 
shows the progressive change in the extent of the failure surface for the value of My = 0 and 
demonstrates the use of the tangent-stiffness method for determining interaction curves of heated 
sections. 






a)  b)  
Figure 5. a) Temperature distribution in the column at one hour (°C); b) Uniaxial interaction 




4 APPLICATION OF THE METHOD 
 
4.1Analysis of a Heated Section 
 
To show the versatility of the tangent modulus method and to compare its predictions with existing 
methods, a beam similar to that of Dwaikat [18] was analysed (Fig. 6a). The section was assumed to 
be subject to a standard fire [13] from three sides for a duration of two hours, and a heat transfer 
analysis of the section was conducted using Abaqus in the same manner as described above. The beam 
cross-section was then analysed using the tangent stiff e s method for the predicted temperature fields 
at several intervals during the heating for a range of biaxial bending conditions. A bending capacity 
analysis of the beam was also conducted using the Eurocode 500ºC isotherm method. The same heat 
transfer data was used for this analysis, and values of η = 1.0, γM,fi = 1.0 and λ = 0.8 (Fig. 1) were used 
in accordance with EC2. The results of all these analyses are also shown in Fig. 6 and a direct 
comparison between failure surfaces at different temp ratures with My = 0 is shown in Fig. 7. Unlike a 
uniformly heated section [17, 26], an asymmetrically heated section’s interaction surface distorts as 
well shrinking during heating [16]. The asymmetry in the failure diagram results from the reference 
axis remaining at a constant location while the plastic neutral axis moves through the section. 













Figure 6. a) Arrangement of the section; b) Ambient interaction diagram for the section using both 
tangent method and isotherm method; c) Section temperature profile after one hour (°C); d) 
Interaction diagram for the section at one hour using both tangent method and isotherm method; e) 
Section temperature profile after two hours (°C); f) Interaction diagram for the section at two hours 
using both tangent method and isotherm method. 
 










Comparison of the results highlights significant differences between the predictions of the two 
methods. For uniaxial bending, Fig. 6 shows: 
• The methods predict maximum axial capacity to within 2% of each other at all temperatures. 
• At ambient temperature (Fig. 2b), the pure bending capacities given by the two methods are 
negligibly different. There is less than 1% differenc  between the calculations. 
• At ambient temperature (Fig. 2b), the isotherm method overestimates the capacity of the 
beam under combinations of moment and axial force by a maximum of 5%. 
• As the temperature of the section increases, the pur  bending capacities given by the 
isotherm method are significantly above those given by the tangent stiffness method. This is 
particularly the case in sagging, where up to a 35% overestimation is obtained. Pure hogging 
produces a moment overestimation of 5%. 
• The isotherm method almost universally over-estimates the capacity of the section under 
combinations of sagging moment and axial force. In the high axial load region, this 
overestimation grows from 5% to 15% as the section is heated. 
• In contrast, overestimation of the hogging moment decreases as the section is heated. In fact, 
when the section is at its hottest, the agreement btween the two results is very good with an 
error of less than 3% throughout. 
These observations of the uniaxial bending results for both methods show that the 500ºC isotherm 
method cannot be assumed to be a conservative design approach. It consistently overestimates the 
capacity of the section, particularly in sagging. Other researchers have found the isotherm method to 
be unconservative in pure uniaxial bending [27]. This study shows that the unconservatism extends to 
bending with different levels of axial force. 
 






Figure 8. a) Different individual safety factors; b) Equivalent capacities for the tangent method, stress 
block method, full stress-strain curve method, design afety factors, and with a reduced stress block. 
 
Although it is unsurprising that a crude assessment such as the isotherm method does not give 
accurate results, it is of concern that the results are unconservative. The causes of this unconservatism 
are twofold: the specific differences between the prediction of sagging and hogging capacity at higher 
temperatures are largely attributable to the assumptions inherent in the isotherm method. However, it 
is possible to attribute some of the error directly to the use of a stress block technique. 
Heated concrete reaches its maximum compressive strength at a higher strain than cold concrete. 
Thus, in order for a section to develop a given axial load when subject to sagging bending, the neutral 
axis will be lower in a heated section than a cold section. Consequently, the internal lever arm and 
hence the moment capacity will be reduced. These effects are fully captured the tangent stiffness 
method but ignored in the isotherm method, which is unconservative as a result. In hogging, however, 
the effect described is largely cancelled out by the fact that the heated section soffit has been 
effectively removed in the isotherm method due to its h gh temperature. The removal of this area and 
its corresponding contribution to the total bending moment largely cancels out the overestimation 
caused by the inappropriate maximum strain assumptions. The above considerations highlight how the 
isotherm method has certain assumptions that inevitably will lead to unconservative predictions for 
some strain-curvature combinations, as demonstrated bove. However, there are aspects of the 
underlying stress-block method that produce further inaccuracies. 
 
The dimensions of the stress block used in this method are determined by the parameters λ and η as 
shown in Fig. 1. These in turn are specified to ensure that under pure bending at ambient temperature 
the stress-block applies a force of the same magnitude and with the same lever-arm about the neutral 
axis as would occur if a full material stress-strain curve were used in an analysis. For a concrete 
strength of 50MPa or less, values of λ and η are given as 0.8, and 1.0 respectively in Eurocode 2. 
Under accidental loading (fire) conditions, the value of γM for concrete in Eurocode 2 is modified from 
1.5 to 1.0 thus meaning any section analysis undertak n using the isotherm method has effectively no 
material safety factor and relies only on the values of λ and η. These simplified terms cannot 
accurately represent both the correct stresses and the appropriate lever arms which result from the tru  
concrete stress-strain curve under any but the simplest load cases. This is particularly the case when 
the neutral axis is not in the section, and the strs  block acts over the whole section. Although an 
accurate prediction of the pure axial capacity can be obtained (because η = 1, and the value of λ is 
irrelevant) this study shows that this method produces inaccurate and unconservative results when 
bending moments are present. 
 




Given the interdependence of these safety factors f obtaining a conservative design at high 
temperature, it is of interest to examine the effect of arbitrary modifications of the stress-block. 
Modification of either η to 0.8, or γc to 1.2, allow a conservative result to be obtained for the ambient 
case (Figure 8a). However, this is an inefficient approach as in both of these cases the maximum axial 
capacity is significantly underestimated. Furthermore, neither of these modifications is sufficient to 
ensure that the entire interaction envelope of the isotherm method was within the failure surface given 
by the tangent stiffness method for the heated (120min) case. Further modification of the material 
partial safety factors to the ambient temperature design values (1.15 and 1.5 for steel and concrete 
respectively) in the heated case reveals that the predictions of moment capacity remain unconservative 
(Figure 8b). The overestimation caused by the stress block technique can be further analysed by 
applying the isotherm technique with a full concrete stress-strain relationship Fig. 8b. This 
modification, however, is not sufficient to allow for a fully conservative capacity assessment. 
 
The variation of parameters and techniques in the manner described above allows the source of the 
unconservatism in the heated sections to be more clsely analysed. It is possible to obtain a more 
conservative result by modification of the stress block. However, despite modification of the partial 
safety factors, the permissible sagging moment in the heated section (as predicted by the isotherm 
method) remained significantly unconservative. The sagging overestimation is specifically caused by 
the difference in the location of the neutral axis between the two methods. The lower neutral axis in 
the heated section causes a lower moment to be generat d than in the ambient, reduced area, section. 
The adoption of a more realistic stress-strain curve for the ambient concrete, does not give a 
conservative result. It is therefore concluded that t e unconservatism in the predicted capacities is 
caused more by the assumption of ambient concrete behaviour inherent in the isotherm method, rather 
than because of the use of the stress block technique. Another cut-off value such as 400ºC or 300ºC 
would, inevitably, give a more conservative answer. However, this would not solve the underlying 




Several conclusions can be drawn from this study: 
• The failure surfaces of ambient and heated reinforced concrete sections can be found rapidly 
and accurately by locating singularities in the sectional tangent modulus matrix. 
•  The 500ºC isotherm method is unconservative in predicting the failure surface of a heated 
section due to the stress block method (see above) and the assumption of uniform 
temperature in the concrete. 
• Biaxial failure surfaces for ambient and heated reinforced concrete sections can be clearly 
represented on a single diagram. 
• When all the partial safety factors are removed, the stress block method is unconservative in 
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1.  Selected Extracts of Code 
Over the course of the research completed, a large amount of code was 
written. The code was primarily written in FORTRAN, MATLab, and 
Python and several examples are given in this appendix. 
 




Abaqus Subroutine: USDFLD 
This subroutine links the 1st field variable to the maximum temperature 
which has previously occurred at that integration point. It can only be used 
in Abaqus Standard 
 




Abaqus Subroutine: VUSDFLD 
This subroutine links the 1st field variable to the maximum temperature 
which has previously occurred at that integration point. It can only be used 
in Abaqus Explicit 
 




Sectional Analysis Tool: Primary routine 
Simplified routine to initiate the various subroutines required for the full 
sectional analysis program described in chapter 4. 



















Parametric study of column. 
The verification of the sectional analysis method conducted in chapter four 
was conductued using a parametric study. 
column_paper = ParStudy(par='ea', name='shell')  
column_paper.define(CONTINUOUS, par='ea', domain=(0 .000, 0.0025))  
##thick.sample(VALUES,par='ea',values=(0,100,200,30 0,400,500,600,700,800,900,1000)) 





column_paper.gather(results='RF2,1', request='HISTO RY', frameValue=0.05, variable='RF2') 
column_paper.gather(results='RF2,2', request='HISTO RY', frameValue=0.1, variable='RF2') 
column_paper.gather(results='RF2,3', request='HISTO RY', frameValue=0.15, variable='RF2') 
column_paper.gather(results='RF2,4', request='HISTO RY', frameValue=0.2, variable='RF2') 
column_paper.gather(results='RF2,5', request='HISTO RY', frameValue=0.25, variable='RF2') 
column_paper.gather(results='RF2,6', request='HISTO RY', frameValue=0.3, variable='RF2') 
column_paper.gather(results='RF2,7', request='HISTO RY', frameValue=0.35, variable='RF2') 
column_paper.gather(results='RF2,8', request='HISTO RY', frameValue=0.4, variable='RF2') 
column_paper.gather(results='RF2,9', request='HISTO RY', frameValue=0.45, variable='RF2') 
column_paper.gather(results='RF2,10', request='HIST ORY', frameValue=0.5, variable='RF2') 
column_paper.gather(results='RF2,11', request='HIST ORY', frameValue=0.55, variable='RF2') 
column_paper.gather(results='RF2,12', request='HIST ORY', frameValue=0.60, variable='RF2') 
column_paper.gather(results='RF2,13', request='HIST ORY', frameValue=0.65, variable='RF2') 
column_paper.gather(results='RF2,14', request='HIST ORY', frameValue=0.7, variable='RF2') 
column_paper.gather(results='RF2,15', request='HIST ORY', frameValue=0.75, variable='RF2') 
column_paper.gather(results='RF2,16', request='HIST ORY', frameValue=0.8, variable='RF2') 
column_paper.gather(results='RF2,17', request='HIST ORY', frameValue=0.85, variable='RF2') 
column_paper.gather(results='RF2,18', request='HIST ORY', frameValue=0.9, variable='RF2') 
column_paper.gather(results='RF2,19', request='HIST ORY', frameValue=0.95, variable='RF2') 
column_paper.gather(results='RF2,20', request='HIST ORY', frameValue=1.00, variable='RF2') 
## 
column_paper.output(file=ODB, step=2) 
column_paper.gather(results='RF2,21', request='HIST ORY', frameValue=.05, variable='RF2') 
column_paper.gather(results='RF2,22', request='HIST ORY', frameValue=.1, variable='RF2') 
column_paper.gather(results='RF2,23', request='HIST ORY', frameValue=.15, variable='RF2') 
column_paper.gather(results='RF2,24', request='HIST ORY', frameValue=.2, variable='RF2') 
column_paper.gather(results='RF2,25', request='HIST ORY', frameValue=.25, variable='RF2') 
column_paper.gather(results='RF2,26', request='HIST ORY', frameValue=.3, variable='RF2') 
column_paper.gather(results='RF2,27', request='HIST ORY', frameValue=.35, variable='RF2') 
column_paper.gather(results='RF2,28', request='HIST ORY', frameValue=.4, variable='RF2') 
column_paper.gather(results='RF2,29', request='HIST ORY', frameValue=.45, variable='RF2') 
column_paper.gather(results='RF2,30', request='HIST ORY', frameValue=.5, variable='RF2') 
column_paper.gather(results='RF2,31', request='HIST ORY', frameValue=.55, variable='RF2') 
column_paper.gather(results='RF2,32', request='HIST ORY', frameValue=.60, variable='RF2') 
column_paper.gather(results='RF2,33', request='HIST ORY', frameValue=.65, variable='RF2') 
column_paper.gather(results='RF2,34', request='HIST ORY', frameValue=.7, variable='RF2') 
column_paper.gather(results='RF2,35', request='HIST ORY', frameValue=.75, variable='RF2') 
column_paper.gather(results='RF2,36', request='HIST ORY', frameValue=.8, variable='RF2') 
column_paper.gather(results='RF2,37', request='HIST ORY', frameValue=.85, variable='RF2') 
column_paper.gather(results='RF2,38', request='HIST ORY', frameValue=.9, variable='RF2') 
column_paper.gather(results='RF2,39', request='HIST ORY', frameValue=.95, variable='RF2') 




column_paper.gather(results='RM3,1', request='HISTO RY', frameValue=0.05, variable='RM3') 
column_paper.gather(results='RM3,2', request='HISTO RY', frameValue=0.1, variable='RM3') 
column_paper.gather(results='RM3,3', request='HISTO RY', frameValue=0.15, variable='RM3') 
column_paper.gather(results='RM3,4', request='HISTO RY', frameValue=0.2, variable='RM3') 
column_paper.gather(results='RM3,5', request='HISTO RY', frameValue=0.25, variable='RM3') 
column_paper.gather(results='RM3,6', request='HISTO RY', frameValue=0.3, variable='RM3') 
column_paper.gather(results='RM3,7', request='HISTO RY', frameValue=0.35, variable='RM3') 
column_paper.gather(results='RM3,8', request='HISTO RY', frameValue=0.4, variable='RM3') 
column_paper.gather(results='RM3,9', request='HISTO RY', frameValue=0.45, variable='RM3') 
column_paper.gather(results='RM3,10', request='HIST ORY', frameValue=0.5, variable='RM3') 
column_paper.gather(results='RM3,11', request='HIST ORY', frameValue=0.55, variable='RM3') 
column_paper.gather(results='RM3,12', request='HIST ORY', frameValue=0.60, variable='RM3') 
column_paper.gather(results='RM3,13', request='HIST ORY', frameValue=0.65, variable='RM3') 
column_paper.gather(results='RM3,14', request='HIST ORY', frameValue=0.7, variable='RM3') 
column_paper.gather(results='RM3,15', request='HIST ORY', frameValue=0.75, variable='RM3') 
column_paper.gather(results='RM3,16', request='HIST ORY', frameValue=0.8, variable='RM3') 
column_paper.gather(results='RM3,17', request='HIST ORY', frameValue=0.85, variable='RM3') 




column_paper.gather(results='RM3,18', request='HIST ORY', frameValue=0.9, variable='RM3') 
column_paper.gather(results='RM3,19', request='HIST ORY', frameValue=0.95, variable='RM3') 
column_paper.gather(results='RM3,20', request='HIST ORY', frameValue=1.00, variable='RM3') 
## 
column_paper.output(file=ODB, step=2) 
column_paper.gather(results='RM3,21', request='HIST ORY', frameValue=.05, variable='RM3') 
column_paper.gather(results='RM3,22', request='HIST ORY', frameValue=.1, variable='RM3') 
column_paper.gather(results='RM3,23', request='HIST ORY', frameValue=.15, variable='RM3') 
column_paper.gather(results='RM3,24', request='HIST ORY', frameValue=.2, variable='RM3') 
column_paper.gather(results='RM3,25', request='HIST ORY', frameValue=.25, variable='RM3') 
column_paper.gather(results='RM3,26', request='HIST ORY', frameValue=.3, variable='RM3') 
column_paper.gather(results='RM3,27', request='HIST ORY', frameValue=.35, variable='RM3') 
column_paper.gather(results='RM3,28', request='HIST ORY', frameValue=.4, variable='RM3') 
column_paper.gather(results='RM3,29', request='HIST ORY', frameValue=.45, variable='RM3') 
column_paper.gather(results='RM3,30', request='HIST ORY', frameValue=.5, variable='RM3') 
column_paper.gather(results='RM3,31', request='HIST ORY', frameValue=.55, variable='RM3') 
column_paper.gather(results='RM3,32', request='HIST ORY', frameValue=.60, variable='RM3') 
column_paper.gather(results='RM3,33', request='HIST ORY', frameValue=.65, variable='RM3') 
column_paper.gather(results='RM3,34', request='HIST ORY', frameValue=.7, variable='RM3') 
column_paper.gather(results='RM3,35', request='HIST ORY', frameValue=.75, variable='RM3') 
column_paper.gather(results='RM3,36', request='HIST ORY', frameValue=.8, variable='RM3') 
column_paper.gather(results='RM3,37', request='HIST ORY', frameValue=.85, variable='RM3') 
column_paper.gather(results='RM3,38', request='HIST ORY', frameValue=.9, variable='RM3') 
column_paper.gather(results='RM3,39', request='HIST ORY', frameValue=.95, variable='RM3') 
column_paper.gather(results='RM3,40', request='HIST ORY', frameValue=1.00, variable='RM3') 
## 
#column_paper.gather(results='RM1', request='HISTOR Y', frameValue='10', variable='RM1') 
#column_paper.gather(results='RM3', request='HISTOR Y', frameValue='10', variable='RM3') 
#column_paper.report(FILE, truncation='OFF', file=' parametric_study_RF.rpt', par='ea', 
results=('RF2,1', 'RF2,3', 'RF2,5', 'RF2,7', 'RF2,9 ', 'RF2,11', 'RF2,13', 'RF2,15', 'RF2,17', 
'RF2,19', 'RF2,21', 'RF2,23', 'RF2,25', 'RF2,27', ' RF2,28', 'RF2,29', 'RF2,30', 'RF2,31', 
'RF2,32', 'RF2,33', 'RF2,34', 'RF2,35', 'RF2,36', ' RF2,37', 'RF2,38', 'RF2,39', 'RF2,40'))#, 
'RM1', 'RM3')) 
column_paper.report(FILE, truncation='OFF', file='p arametric_study_RF.rpt', par='ea', 
results=('RF2,1', 'RF2,2', 'RF2,3', 'RF2,4', 'RF2,5 ', 'RF2,6', 'RF2,7', 'RF2,8', 'RF2,9', 
'RF2,10', 'RF2,11', 'RF2,12', 'RF2,13', 'RF2,14', ' RF2,15', 'RF2,16', 'RF2,17', 'RF2,18', 
'RF2,19', 'RF2,20','RF2,21', 'RF2,22', 'RF2,23', 'R F2,24', 'RF2,25', 'RF2,26', 'RF2,27', 
'RF2,28', 'RF2,29', 'RF2,30', 'RF2,31', 'RF2,32', ' RF2,33', 'RF2,34', 'RF2,35', 'RF2,36', 
'RF2,37', 'RF2,38', 'RF2,39', 'RF2,40'))#, 'RM1', ' RM3')) 
##column_paper.report(FILE, file='parametric_study_ RM1.rpt', par='ea', results=('RM1,1', 'RM1,2', 
'RM1,3', 'RM1,4', 'RM1,5', 'RM1,6', 'RM1,7', 'RM1,8 ', 'RM1,9', 'RM1,10', 'RM1,11', 'RM1,12', 
'RM1,13', 'RM1,14', 'RM1,15', 'RM1,16', 'RM1,17', ' RM1,18', 'RM1,19', 'RM1,20','RM1,21', 
'RM1,22', 'RM1,23', 'RM1,24', 'RM1,25', 'RM1,26', ' RM1,27', 'RM1,28', 'RM1,29', 'RM1,30', 
'RM1,31', 'RM1,32', 'RM1,33', 'RM1,34', 'RM1,35', ' RM1,36', 'RM1,37', 'RM1,38', 'RM1,39', 
'RM1,40'))#, 'RM1', 'RM3')) 
column_paper.report(FILE, truncation='OFF', file='p arametric_study_RM3.rpt', par='ea', 
results=('RM3,1', 'RM3,2', 'RM3,3', 'RM3,4', 'RM3,5 ', 'RM3,6', 'RM3,7', 'RM3,8', 'RM3,9', 
'RM3,10', 'RM3,11', 'RM3,12', 'RM3,13', 'RM3,14', ' RM3,15', 'RM3,16', 'RM3,17', 'RM3,18', 
'RM3,19', 'RM3,20','RM3,21', 'RM3,22', 'RM3,23', 'R M3,24', 'RM3,25', 'RM3,26', 'RM3,27', 
'RM3,28', 'RM3,29', 'RM3,30', 'RM3,31', 'RM3,32', ' RM3,33', 'RM3,34', 'RM3,35', 'RM3,36', 
'RM3,37', 'RM3,38', 'RM3,39', 'RM3,40'))#, 'RM3', ' RM3')) 




Column data collection. 
The macro that was used to extract all of the nodal data from the columns in 
chapters five and six. 
 
